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In this work we use the Nambu-Jona-Lasinio (NJL) model as an effective quark theory 
based on QCD to describe the structure of baryons. Based on the solutions of the rela- 
tivistic 3-quark Faddeev equation in the ladder approximation, we discuss the masses of 
the nucleon and the delta, the static properties of the nucleon, and the quark light cone 
momentum distributions in the nucleon. 

1. I n t r o d u c t i o n  

As an effective quark theory of QCD in the low energy region, the Nambu-Jona-Lasinio 
model [1] provides a powerful tool to investigate the structure of hadrons. The model ex- 
hibits the spontaneous breaking of the chiral symmetry in a particularly clear manner, and 
gives a simple framework to describe the structure of mesons within the Bethe-Salpeter 
approach [2]. Baryons have been described conventionally in the mean field (soliton) 
approach [3], but in recent years exact numerical solutions to the relativistic 3-quark Fad- 
deev equation [4] have been obtained in the ladder approximation [5,6]. (Attempts have 
also been made to combine the sol]ton description, which includes some effects of the me- 
son cloud, or in other words correlations in the q~ channel, with the Faddeev description, 
which includes the effects of correlations in the qq channel [7,8].) It has been shown [9] 
that the relativistic Faddeev approach gives reasonable static properties of the nucleon, 
and it is therefore natural to extend these investigations to the structure functions of the 
nucleon measured in deep inelastic lepton-nucleon scattering [10]. The spin independent 
nucleon structure functions have been studied recently in the mean field approach [11], 
and in the covariant diquark spectator model [12]. As a first step towards a full Faddeev 
calculation, in this work we will show results for the spin independent nucleon structure 
functions obtained by employing a simple approximation to the Faddeev equation [13]. 

2. B A R Y O N  M A S S E S  I N  T H E  F A D D E E V  A P P R O A C H  

The NJL model is characterized by a chirally symmetric 4-fermion interaction la- 
grangian £~. Examples are the original NJL form [1] 
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or the color current interaction lagrangian [14] 

r T=-g  ¢ , (2) 
c=1 

where Ac are the color generators. Instead of choosing a particular form of £ I ,  we wish to 
s tudy how the results for the baryon masses depend on it. For this, we note that  by using 
Fierz transformations [5], we can extract the effective coupling constants in the pionic ~q 
channel (g~), the 'scalar'  (0 +, T = 0) qq channel (gs), and the 'axial vector'  1 +, T = 1 qq 
channel (ga)- The explicit forms of the effective interaction lagrangians in these channels 
can be found in ref. [5]. Introducing the ratios 

g8 g~ 
r, = --, r~, = --, (3) 

g~ g~ 

we have for for the color current la~angian (2): ,'~ = 1, r, = ¼, while for the original 

NJL lagrangian (1) we have the much smaller values r8 = 2 ra = ~ .  We see that  
if g~ is fixed by the pion mass, the strengths of the interactions in the 0 + and 1 + qq 
channels depend on the form of the interaction lagrangian. Here we treat  rs and ra as 
free parameters,  reflecting different possible forms of the 4-fermi interaction lagrangian. 
The other parameters  of the model, i.e; g~, the current quark mass and the Euclidean 
cut-off, are chosen such as to reproduce m~ -- 140MeV and f,~ = 9 3 M e V  in the familiar 
Bethe-Salpeter framework for the pion, and a constituent quark mass of M -- 4 0 0 M e V  
via the gap equation. 

The  relativistic Faddeev equation in the NJL model can be reduced to a Bethe-Salpeter 
equation for a quark a 'diquark'  interacting via quark exchange, as shown in fig. 1. Here 
by 'diquark'  we simply mean a qq system in a particular channel, not necessarily bound. 
In the actual calculation of baryon masses we include the scalar (0 +) and axial vector 
(1 +) diquark channels. 

p+P/2  p'+p/2 p"+P/2 

= 

Figure 1. Graphical representation of the relativistic Faddeev equation. The solid line 
represents a constituent quark propagator,  and double line a qq t-matrix.  

As an example [5] we show in fig.2 the nucleon and delta masses as functions of r8 for 
different values of ra. (The delta mass depends only on ra.) 

/.From this figure and the discussion given above we see that ,  while for the original NJL 
lagrangian (1) no 3-quark bound state exists, the color current interaction lagrangian (2) 
gives a reasonable nucleon mass, but  the delta is unbound. One can, however, construct 
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Figure 2. The solid lines show the nucleon mass as a function of r~ for three values of rs, 
and the dashed line shows the delta mass as a function of r~. 

a lagrangian which can describe simultaneously the masses of the pion, the nucleon and 
the delta: 

[( ] L l = - g  ~ ~) 'Tu~ ' -t-n(¢Tu75¢) 2 . (4) 
C = I  

For a = 0.27 (rs = 0.37, r~ = 0.44), we obtain Ma = 1190MeV, and MN = 920MeV. 
The main mechanism for the delta-nucleon mass difference is the interaction in the 

scalar diquark channel: Increasing rs lowers the nucleon mass but leaves the delta mass 
unchanged. Our numerical results can be parametrized approximately by the relation 

Ma - MN ~-- (1.1rs -- 0.06ra -- 0.18) GeV. (5) 

Recently we have also estimated the effects of (composite) pion and sigma meson ex- 
change between quarks by making a separable approximation to the meson exchange 
potentials and re-solving the relativistic Faddeev equation [8]. The result is that  pion 
exchange gives a large attraction and leads to nucleon mass shifts of about 200 to 300 
MeV, depending on the form of the interaction lagrangian. Before drawing conclusions, 
however, one should go beyond the separable approximation, and include also the effects 
of self energy corrections of the quarks due to the meson cloud. 

3. S T A T I C  P R O P E R T I E S  O F  T H E  N U C L E O N  

The static properties of the nucleon are obtained by calculating bound state matrix 
elements of one-quark operators between the Faddeev wave functions. This amounts 
to calculating the Feynman diagrams shown in fig.3, and leads to the correct Ward- 
Takahashi identities [9] in the case of an external electromagnetic field. However, since 
we are using an Euclidean sharp cut-off, the charge conservation is violated by a small 
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Figure 3. Feynman diagrams to calculate the expectation value of one-body operators 
(the cross) between 3-body wave functions. 

Table 1 
The mass, axial vector coupling constant, magnetic moments, and charge radii of the 
nucleon, as well as the pion nucleon sigma term, for three values of rs and ra = O. 

rs = 1/2 2/3 0.8 exp 
MN[MeV] 1096 934 764 939 
gA 1.23 1.33 1.40 1.25 
#p [n.m.] 1.49 1.78 2.11 2.79 
Pn [n.m.] -0.95 -1.34 -1.77 -1.91 
< r2 >v If  m2] 3.39 0.806 0.534 0.74 
< r2 >n [ fm 2] -0.775 -0.075 -0.038 -0.12 
E~N [MeV] 35.0 35.1 34.3 45 -4- 7 

amount (typically 3%). Some of the results are shown in table 1. Here, for simplicity, we 
take into account only the scalar diquark channel (g~ = 0). For the case r8 = 2/3, which 
reproduces the correct nucleon mass, the axial vector coupling constant, the charge radii 
and the pion nucleon sigma-term agree reasonably well with the experimental values. The 
magnetic moments are too small in magnitude, but one can expect that the interaction 
in the axial vector diquark channel gives further contributions. 

4. Q U A R K  L I G H T  C O N E  M O M E N T U M  D I S T R I B U T I O N S  I N  T H E  N U -  
C L E O N  

We finally discuss the quark light cone momentum distributions in the nucleon, which 
are related to the spin independent structure functions F1 and F2 [15,16]. The twist 2 
quark light cone momentum distribution is defined by [17] 

q(x) = 1 f )lp>, (6) 

where x is the Bjorken variable, IP > denotes the nucleon state with momentum p, and 
the light cone components a + -- a~: of a four vector a ~ are defined by a + 1 0 = ~ ( a  + a3). 
As has been discussed in detail in ref. [17], the quark distribution (6) has support only in 
the interval - 1  < x < 1. The antiquark distribution ~(x) is defined by a similar equation 

with ¢ replaced by ¢c = i'Y~'~o-¢ T, and can be obtained from q(x) in the 'unphysical region' 
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-1  < x < 0 azcording to ~(x) = - q ( - x ) .  Since it can be shown [17] that for connected 
matrix elements the operator product in eq. (6) can be replaced by the T-product, we 
see that the distribution (6) is nothing but the quark propagator (traced with "y+) inside 
the nucleon with a fixed quark momentum k_ = p_x ,  while the other quark momentum 
components are integrated out. We therefore have to evaluate the same Feynman diagrams 
as in fig. 3, but with the momentum component k_ = p _ x  of the struck quark held fixed. 

As a first step, we employ here the 'static approximation' to the Faddeev equation [14], 
in which the momentum dependence of the quark exchange kernel (see fig. 1) is neglected. 
In this approximation the Faddeev equation can be solved almost analytically. It is known 
that this static approximation is reasonable as far as the nucleon mass is concerned [5], but 
the overbinding leads to a nucleon radius which is too small [18]. We can therefore expect 
that the momentum distributions calculated with the exact Faddeev wave functions will 
be somewhat softer than the distributions calculated within the static approximation. In 
the static approximation to the Facldeev equation, the quark exchange diagram in fig. 3 
does not contribute, and the calculation of the quark distributions becomes somewhat 
similar to the calculations performed earlier in the quark-diquark model [19]. 

Since the calculation based on the diagrams fig. 3 gives ~(x) = 0 for 0 < x < 1, the re- 
sulting quark distributions are valence-like, that is, q(x) = q,,(x). In order to estimate also 
the sea quark distributions, we take into account the pionic cloud around the constituent 
quarks by using the familiar convolution formalism [20]. This amounts to calculating 
the quark and antiquark distributions within an on-shell 'parent quark' from the pion 
cloud diagrams shown in fig. 4, and convoluting them with the distributions of the parent 
quarks within the nucleon obtained from the diagrams fig. 3. In the actual calculation of 
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Figure 4. Feynman diagrams for the quark and antiquark distributions within a parent 
quark. The dashed line denotes the q~ t-matrix in the pionic channel. 

the quark light cone momentum distributions we include only the scalar diquark channel 
in the nucleon wave function, and employ the 'invariant mass regularization', which can 
be formulated in terms of light cone variables [21]. (For details concerning this regular- 
ization scheme, see ref. [22].) In order to compare with the empirical pararnetrizations 
of the quark distributions at Q2 = 4 G e V  2 based on experimental data [23], we have to 
evolve our calculated distributions from the NJL low energy scale Q02 up to Q2 = 4 G e V  2. 
For this purpose we used the DGLAP evolution code of ref. [24] in next-to-leading order. 
Here we consider Q~ as a parameter which is adjusted such as to reproduce the empirical 
valence quark distributions reasonably well. 
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The resulting distributions including the pionic cloud effects are shown in fig. 5 in 
comparison to the empirical distributions of ref. [23]. The upper two figures show the 
valence quark distributions, and the lower ones the sea quark distributions. We see that 
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Figure 5. The valence quark (upper figures) and sea quark (lower figures) distributions 
in the nucleon. The solid lines show the NJL input distributions (Q~ =- O.16GeV2), the 
dashed lines the distributions evolved to Q2 = 4GeV 2, and the dotted lines the empirical 
distributions at Q~ = 4GeV 2. 

this simple model leads to reasonable valence quark distributions, although they show 
somewhat too strong variations as functions of x. (This fact is related to the invariant 
mass cut-off scheme, which leads to input distributions which vanish for large and small 
values of x.) By integrating the curves shown in fig. 5 we find that at the low energy 
scale (Q~ = 0.16GeV ~) the valence quarks carry 91% of the nucleon momentum. We also 
see from the figure that the pionic effects lead to the well known isospin asymmetry of the 
sea quark distributions [16], that is, d > ~. The Gottfried sum is reduced from the naive 
(valence quark) value ½ to 0.262, compared to the experimental value of 0.235 :t: 0.026 
[25]. 

In fig. 6 we compare the the valence u-quark distributions without pionic effects to those 
including the pionic effects. Since the sea quarks in the pion take away some amount of the 
total light cone momentum, the valence quark distributions become somewhat softer due 
to the pionic effects. In spite of this, however, one still needs a rather small value of Q~ in 
order to have a reasonable agreement with the empirical distributions at Q2 = 4GeV 2. In 
order to get a further softening of the valence quark distributions, one usually considers 
the exchange of Regge poles besides the pion exchange contributions [26]. However, as 
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we pointed out previously, the simple static approximation employed here gives probably 
too stiff momentum distributions. Therefore the next step is to use the full Faddeev wave 
functions for the calculation of the nucleon structure functions. 
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Figure 6. The upper two curves show the valence u-distributions at Qg = O.16GeV 2, and 
the lower two curves refer to Q2 = 4 G e V  2. For each pair of curves, the lower one includes 
the pionic effects, while the upper one does not. 

5. S U M M A R Y  

In this work we calculated baryon masses, static properties of the nucleon and the 
quark light cone momentum distributions in the nucleon by using the relativistic Faddeev 
approach to the NJL model. The results for the nucleon and delta masses favor a 4-fermi 
interaction lagrangian of the color-current form, besides a small correction term (see eq. 
(4). A Faddeev calculation including only the scalar diquark channel is able to reproduce 
the static properties of the nucleon reasonably well, except for the magnetic moments 
for which the axial vector diquark contributions might be important. Concerning the 
spin independent nucleon structure functions, we have shown first results for the quark 
light cone momentum distributions in the nucleon obtained by using the simple static 
approximation to the Faddeev equation. The pionic cloud effects were taken into account 
by using the simple convolution formalism. Although we obtained distributions which 
agree reasonably well with the empirical ones, we should note that our value for the low 
energy scale Q0 is rather low (actually equal to the constituent quark mass), and the 
application of the Q2 evolution in this region might not be justified. However, since we 
can anticipate that the exact Faddeev wave functions will give softer quark distributions, 
we expect that some improvements concerning this point will be achieved by performing 
a full Faddeev calculation of the nucleon structure functions. 
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