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Spin-dependent quark light-cone momentum distributions are calculated for a nucleon in the nuclear medium.
We utilize a modified NJL model where the nucleon is described as a composite quark-diquark state. Scalar
and vector mean fields are incorporated in the nuclear medium and these fields couple to the confined quarks in
the nucleon. The effect of these fields on the spin-dependent distributions and consequently the axial charges is
investigated. Our results for the “spin-dependent EMC effect” are also discussed.

1. INTRODUCTION

Quark distributions were among the first exper-
imental confirmations of QCD and have played
a fundamental role in our understanding of nu-
cleon structure. However, a satisfactory theoret-
ical understanding is still lacking. In particular,
the non-perturbative aspects of these observables
still remain largely unexplored, although lattice
QCD has made some progress determining the
first few moments [1–6].

Add to this modifications from the nuclear
medium and you have a very challenging prob-
lem indeed, one that has caught the attention
of both experimentalists and theorists since the
European Muon Collaboration (EMC) reported
their surprising results [7–9]. It was found that
nuclear structure functions differ from those of
the free nucleon by 10-20% in regions where Fermi
motion was thought to be negligible. This has be-
come known as the EMC effect [10].

In view of our inability to solve QCD directly,
models are still indispensable for the investigation
of the non-perturbative regime of the strong in-
teraction and currently represent the only method
with which to estimate nuclear medium modifica-
tions to QCD observables.

In this paper we determine the valence spin-
dependent quark light-cone momentum distri-

butions in a nuclear medium. The theoretical
investigation of medium modifications to spin-
dependent parton distributions (see e.g. [11–14])
has not experienced the same level of activity as
their spin-independent counterparts. However, it
is crucial to investigate these effects as they go
to the very heart of our understanding of nuclear
structure. From a purely practical point of view
we need to know how to correctly extract neutron
structure functions from nuclear data.

The formalism developed in Ref. [15] is used
to incorporate the effects of the scalar and vec-
tor fields of the nuclear medium coupling to the
quarks. The medium modifications to the free
distributions are presented. The NJL model is
utilized, where the nucleon is described as a
quark-diquark bound state and the diquark is a qq
bound state solution to the Bethe-Salpeter equa-
tion.

2. FINITE DENSITY QUARK DISTRI-
BUTIONS

The spin-dependent light-cone quark distribu-
tion per nucleon in a nucleus of mass number A
is defined as

∆fq/A (xA) =
P−
A2

∫
dω−

2π
eiP− xA ω−/A
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Figure 1. Feynman diagrams representing the
spin-dependent quark distributions in the nu-
cleon, needed to determine ∆fq/N (x), given in
Eq. (5). The single line represents the quark prop-
agator and the double line the diquark t-matrix.
The shaded oval denotes the quark-diquark vertex
function and the operator insertion has the form
γ+γ5 δ

(
x − k−

p−

)
1
2 (1 ± τz). The second diagram,

which we refer to as the “diquark diagram”, sym-
bolically stands for the two diagrams, each with
the operator insertion on a different quark line
within the diquark.

〈A, P |ψ(0) γ+γ5 ψ(ω−)|A, P 〉, (1)

where ψ is the quark field and Pµ the 4-
momentum of the nucleus. We work in the rest
frame where Pµ =

(
MA,�0

)
. We assume that

Eq. (1) can be expressed as the convolution inte-
gral

∆fq/A (xA) =
∫

dyA

∫
dx δ(xA − yA x)

∆fq/N (x) ∆fN/A(yA) , (2)

where ∆fq/N (x) is the spin-dependent quark dis-
tribution in the nucleon and ∆fN/A(yA) the spin-
dependent momentum distribution of the nucleon
in the nucleus. There have been numerous inves-
tigations of ∆fN/A [16] and it is straightforward
to calculate for any particular nucleus. On the
other hand, as our current interest concerns the
new features of our model, namely the change in
∆fq/N in-medium, we shall simply replace ∆fN/A

by the spin-independent quantity fN/A, calcu-
lated in infinite nuclear matter. These distribu-
tions are defined by

∆fq/N (x) = p−
∫

dω−

2π
eip− x ω−

〈N, p|ψ(0) γ+γ5 ψ(ω−)|N, p〉, (3)

εF

ρ ×

Figure 2. Feynman diagram representing the
Fermi smearing function fN/A(yA), given in
Eq. (6). The solid line denotes the nucleon prop-
agator, εF , ρ are the Fermi energy and baryon
density, respectively, and the operator insertion
has the form γ+ δ

(
p− − εF yA√

2

)
.

fN/A(yA) =
P−
A2

∫
dω−

2π
eiP− yA ω−/A

〈A, P |ψN (0) γ+ψN (ω−)|A, P 〉, (4)

and can be expressed as [17–19]

∆fq/N (x) = −i

∫
d4k

(2π)4

δ

(
x − k−

p−

)
Tr

(
γ+γ5 M(p, k)

)
, (5)

fN/A(yA) = − i

A

∫
d4p

(2π)4

δ

(
yA − Ap−

MA

)
Tr

(
γ+ GN (p)

)
. (6)

Here M(p, k) is the quark two-point function
in the nucleon and GN (p) the nucleon two-point
function in the nucleus. Within any model that
describes the nucleon as a bound state of quarks,
these distribution functions can be associated
with a straightforward Feynman diagram calcu-
lation, see Figs. 1 and 2, where the propagators
include the scalar and vector fields.

An alternative to this direct calculation is pro-
vided in Ref. [15]. It is demonstrated that given
a quark distribution in a free nucleon, the in-
medium effect of the scalar field can be included
via the effective masses. We will denote this
quantity by ∆fq/N0(x)1 The Fermi motion of
the nucleon is then incorporated by convoluting
∆fq/N0(x) with the “scalar-field” Fermi smearing

1The subscript 0 denotes the absence of any vector field,
however such a distribution may include scalar fields and
Fermi motion effects.
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function, fN/A0(ỹA), producing the distribution

∆fq/A0(x̃A) =
∫

dỹA

∫
dx

δ (x̃A − ỹA x) ∆fq/N0(x) fN/A0(ỹA). (7)

Finally, the vector-field is included by simply scal-
ing ∆fq/A0(x̃A), and shifting the Bjorken vari-
able. The in medium structure function becomes

∆fq/A (xA) =

εF

EF
∆fq/A0

(
x̃A =

εF

EF
xA − V0

EF

)
, (8)

where εF =
√

p2
F + M2

N +3 V0 ≡ EF +3 V0, pF is
the Fermi momentum and V0 is the zeroth com-
ponent of the vector field felt by a quark. In this
discussion, the spin-dependent quark distribution
in the nucleon, ∆fq/N0(x), is determined from the
Feynman diagrams of Fig. 1, where the propa-
gators are the usual free ones but including the
density dependent effective masses. The Fermi
smearing function, fN/A0(ỹA), is represented by
the Feynman diagram in Fig. 2 with εF → EF ,
yA → ỹA and the nucleon propagator is given by

SN(p) = iπ
�p + MN

Ep
δ(p0 − Ep) Θ(pF − |�p|) . (9)

We find [15]

fN/A0(ỹA) =
3
4

(
EF

pF

)3
[(

pF

EF

)2

− (1 − ỹA)2
]

.

(10)

The various distributions have support in the fol-
lowing regions

∆fq/N0(x) : 0 <x < 1, (11)

fN/A0 (ỹA) : 1 − pF

EF
<ỹA < 1 +

pF

EF
, (12)

∆fq/A0 (x̃A) : 0 <x̃A < 1 +
pF

EF
, (13)

∆fq/A (xA) :
V0

εF
<xA <

EF + pF + V0

εF
.

(14)

3. NUCLEAR MATTER AND THE NU-
CLEON IN THE NJL MODEL

The NJL model is a chiral effective quark the-
ory that is characterized by a 4-Fermi contact
interaction. Using Fierz transformations any 4-
Fermi interaction can be expressed in the form∑

i Gi

(
ψΓiψ

)2
, where the Γi are matrices in

Dirac, colour and flavour space. The coupling
constants Gi are functions of the original coupling
appearing in the initial interaction Lagrangian.

We consider SU(2)f NJL Lagrangians; writing
explicitly those terms relevant to this discussion

L = ψ (i �∂ − m)ψ + Gπ

((
ψψ

)2 − (
ψγ5 �τψ

)2
)

− Gω

(
ψγµψ

)2
+ . . . , (15)

where we include the scalar, pseudoscalar and
vector terms and m is the current quark mass.
Separating the nuclear matter ground state ex-
pectation values of the quark bilinears as, ψΥψ =
〈ρ|ψΥψ|ρ〉+ :ψΥψ:, where , γµ, the La-
grangian can be expressed as

L = ψ (i �∂ − M−�V )ψ

− (M − m)2

4 Gπ
+

VµV µ

4Gω
+ LI , (16)

where we have defined M = m − 2 Gπ〈ρ|ψψ|ρ〉,
V µ = 2 Gω〈ρ|ψγµψ|ρ〉 and LI is the normal or-
dered interaction Lagrangian.

In the NJL model the nucleon is constructed as
a quark-diquark bound state and in this prelimi-
nary investigation we consider the scalar diquark(
Jπ = 0+, T = 0, colour 3

)
channel only. Using a

further Fierz transformation the interaction La-
grangian can be expressed as a sum of qq inter-
action terms. The interaction in the scalar qq
channel has the form

LI,s = Gs

(
ψγ5 C τ2 βA ψ

T
)(

ψT C−1 γ5 τ2 βA ψ
)
,

(17)

where βA =
√

3
2 λA (A = 2,5,7) are the colour 3

matrices and C is the charge conjugation matrix,
C = iγ2γ0.
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The reduced t-matrix in the scalar qq chan-
nel is obtained by solving the appropriate Bethe-
Salpter equation, giving

τs(q) =
4iGs

1 + 2 Gs Πs(q2)
. (18)

The scalar qq bubble graph has the form

Πs(q2) = 6i

∫
d4k

(2π)4
Tr

[
γ5 S(k) γ5 S(k− q)

]
, (19)

and S(q) = 1/�q−M +iε is the Feynman propaga-
tor for the constituent quark mass and the trace
is over Dirac indices.

Restricted to the scalar qq interaction the Fad-
deev equation for the nucleon can be reduced to
an effective Bethe-Salpeter equation for a com-
posite scalar diquark and quark interacting via
quark exchange. At finite density the gap equa-
tion develops a dependence on the nucleon mass,
which greatly complicates solving the Bethe-
Salpeter equation. Therefore, for this initial in-
vestigation, we restrict ourselves to the static ap-
proximation to the Faddeev equation, where the
propagator in the quark exchange kernel is re-
placed by −1/M . This permits a ready solu-
tion to the effective Bethe-Salpeter equation, with
the nucleon t-matrix in the colour singlet channel
having the form

T (p) =
3
M

1
1 + 3

M ΠN (p)
, (20)

where the quark-diquark bubble graph is given by

ΠN (p) = −
∫

d4k

(2π)4
S(k) τs(p − k). (21)

The nucleon and scalar diquark masses are ob-
tained as separate solutions to the equations

1 +
3
M

ΠN (�p = MN ) = 0, (22)

1 + 2 Gs Πs(q2 = M2
s ) = 0, (23)

which manifest as poles in the corresponding t-
matrices.

The nucleon vertex function, ΓN (p), in the non-
covariant light-cone normalization is defined by

the pole behaviour of Eq. (20)

T (p)
p+→ε̃p−→ ΓN (p) ΓN (p)

p+ − ε̃p
, (24)

where ε̃p is the light-cone energy. We find2

ΓN (p) =

√
−ZN

MN

p−
uN(p), (25)

ZN =
−1

∂ΠN (p)/∂�p
∣∣∣∣
� p=MN

. (26)

The free nucleon Dirac spinor is normalized as
uNuN = 1.

The effective potential for nuclear matter can
be rigorously derived for any NJL Lagrangian us-
ing hadronization techniques. This results in a
complicated nonlocal effective Lagrangian, that
in principle can be applied to nuclear matter. Us-
ing the mean-field approximation and ignoring di-
quark and baryon “trace log terms” in the effec-
tive Lagrangian we obtain the following effective
potential from Eq. (16)

E = EV − V 2
0

4Gω
+

∫
d3p

(2π)2
Θ (pF − |�p|) εp, (27)

where εp =
√

�p2 + M2
N + 3 V0 and the vacuum

contribution is

EV = 12i

∫
d4k

(2π)4
ln

(
k2 − M2 + iε

k2 − M2
0 + iε

)

+
(M − m)2

4Gπ
− (M0 − m)2

4Gπ
, (28)

where we consider nuclear matter at rest. The ze-
roth component of the vector field can be replaced
by the density as

∂E
∂V0

= 0 =⇒ V0 = 6 Gω ρ, (29)

and the constituent quark mass M , for a fixed
density, follows from the condition ∂E

∂M = 0.

2We adopt the Kogut-Soper convention for the light-
cone variables where a± = 1√

2

`
a0 ± a3

´
and a± =

1√
2

(a0 ± a3), therefore a± = a∓.
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4. REGULARIZATION AND THE
EVALUATION OF THE QUARK DIS-
TRIBUTIONS

As with any non-renormalizable theory a regu-
larization prescription must be specified to fully
define the model. We choose the proper-time reg-
ularization scheme [20–22], where loop integrals
of products of propagators are evaluated by intro-
ducing Feynman parameters, Wick rotating and
making the denominator replacement

1
Xn

=
1

(n − 1)!

∫ ∞

0

dτ τn−1 e−τ X

−→ 1
(n − 1)!

∫ 1/(ΛIR)2

1/(ΛUV )2
dτ τn−1 e−τ X . (30)

Ultraviolet (UV ) and infrared (IR) cutoffs are in-
troduced, the IR cutoff plays the role of eliminat-
ing unphysical thresholds for hadrons decaying
into quarks, hence simulating confinement [21].

As the minus component of the quark momen-
tum is fixed in Eq.(6), a direct evaluation of the
quark distributions is not possible from the Feyn-
man diagrams in a Euclidean formulation. Hence
we consider first the moments

An =
∫ 1

0

dxxn−1 fq/N0(x), (31)

and from these reconstruct the distributions ex-
actly. Further discussion of this method can be
found in Ref. [23].

The quark diagram of Fig. 1 gives the following
contribution to ∆fq/N0:

∆f
(Q)
q/N0 = ΓN

∫
d4k

(2π)4

δ

(
x − k−

p−

)
S(k)γ+γ5S(k) τs(p − k) ΓN . (32)

Using Eq. (31)

A(Q)
n = ΓN

∫
d4k

(2π)4(
k−
p−

)n−1

S(k)γ+γ5S(k) τs(p − k) ΓN . (33)

Evaluating the matrix elements and introducing
a Feynman parameter we obtain3

A(Q)
n = 2i gs ZN

∫ 1

0

dα αn−1 (1 − α)

∫
d4k

(2π)4
(α MN + M)2 − �k2

⊥
(k2 − A + iε)3

, (34)

where A = α(α−1)p2 +α M2
s +(1−α)M2. From

the definition of the moments, Eq. (31), and in-
troducing the proper-time regularization it is easy
to show

∆f
(Q)
q/N0(x) =

gs ZN

16π2
(1 − x)

∫ 1/(ΛIR)2

1/(ΛUV )2
dτ

[
(xMN + M)2 − 1

τ

]
e−τ A. (35)

The diquark diagram, ∆f
(D)
q/N0, is evaluated in

an analogous manner, however a trace of an odd
number of γ-matrices with a γ5 appears because
of the operator insertion in the qq loop in the
diquark propagator. Hence, with scalar diquark
correlations only, we have

∆f
(D)
q/N0 = 0. (36)

In terms of ∆f
(Q)
q/N0 and ∆f

(D)
q/N0, the zero den-

sity, longitudinally polarized, spin-dependent va-
lence quark distributions are given by

∆uV (x) = ∆f
(Q)
q/N0 +

1
2
∆f

(D)
q/N0, (37)

∆dV (x) =
1
2
∆f

(D)
q/N0, (38)

where all quantities involve the free (zero den-
sity) masses. Because we include only the scalar
diquark channel at this stage we see from Eq. (36)
that ∆dV (x) = 0.

5. RESULTS

The free parameters of the model are ΛIR,
ΛUV , M0, Gπ, Gs and Gω . These are deter-
mined as follows; the infrared cutoff is fixed at
3In this calculation we have used the a pole approximation
for the diquark t-matrix, τs → 4 i Gs − i gs

q2−M2
s +i ε

, where

gs is the residue at the mass pole of the full τs and is given

by gs = −2
∂ Πs(q2)/∂q2

˛
˛
˛
q2=M2

s

.
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Table 1
List of the effective masses of the constituent
quark M , diquark Ms, and nucleon MN , at three
different densities. The strength of the vector
field V0, the Fermi energy εF , and the mass per
nucleon MN = MN0 − EB

A are also given.

ρ = 0 fm−3 ρ = 0.16 fm−3 ρ = 0.22 fm−3

M 400 308 276
Ms 576 413 355
MN 940 707 634
V0 0 53 75
εF 940 914 923
MN 940 925 923

ΛIR = 200 MeV; the constituent quark mass
at zero density is fixed at M0 = 400 MeV; the
ultraviolet cutoff ΛUV is then obtained by re-
quiring fπ = 93 MeV and mπ = 140 MeV;
Gπ then follows from mπ; and the coupling Gs

is determined by requiring the nucleon mass at
zero density to equal its physical value, MN0 =
940 MeV. Finally the coupling Gω is determined
such that the curve describing the nuclear mat-
ter binding energy per nucleon as a function of
the density, pass through the empirical point of
(ρ, EB/A) =

(
0.16 fm−3, 15 MeV

)
. We find

ΛUV = 638.5 MeV, Gπ = 19.60 GeV−2, Gs =
9.96 GeV−2 and Gω = 7.25 GeV−2.

With Gω the only free parameter for nuclear
matter this model is unable to reproduce the em-
pirical saturation point, instead saturation occurs
at (ρ, EB/A) =

(
0.22 fm−3, 17.3 MeV

)
. Con-

sequently, as Eq. (8) is only valid at saturation
[15], we must use the model saturation density
for our numerical calculations. However, we in-
clude some results in Table 1 for ρ = 0.16 fm−3

for comparison.
Table 1 lists the values of the effective masses,

the strength of the vector field, the nucleon Fermi
energy and the mass per nucleon MN = MN0 −
EB

A for the three values of the density.
Our results for the free (ρ = 0) longitudinally

polarized valence u-quark distribution, ∆uV (x),
are presented in Fig. 3. The solid line is the
model prediction, at a scale of Q2 = 0.16 GeV2.

Figure 3. Zero density spin-dependent valence u-
quark distribution multiplied by Bjorken x. The
solid line is the model prediction at the NJL
scale of Q2

0 = 0.16 GeV2 and the dashed line
is the result after QCD evolution to a scale of
Q2 = 4.0 GeV2. The dotted line is the empir-
ical parametrization of Ref. [25], at a scale of
Q2 = 4.0 GeV2.

We have chosen to use the same Q2 scale as
Ref. [15], where it was found that the empiri-
cal spin-independent quark distributions are, af-
ter Q2 evolution4, best reproduced with a model
scale of Q2 = Q2

0 = 0.16 GeV2. The QCD evo-
lution is performed according to the Dokshitzer-
Gribov-Lipatov-Alterelli-Parisi (DGLAP) equa-
tions, and we compare our results to the empirical
parametrization of Ref. [25] at a scale of 4 GeV2.
The model and empirical parameterizations are
given in Fig. 3 as the dashed and dotted lines
respectively. It is clear that the model results re-
produce the qualitative features of the empirical
result, with the peak shifted slightly to larger x.

In this scalar diquark NJL model the longi-
tudinally polarized valence d-quark distribution,
∆dV (x), is zero everywhere (see Eqs. (38,36)).
The Bjorken sum rule derived from current al-
gebra implies that the isovector spin combina-
tion ∆q3 equals gA the isovector axial charge
of the nucleon, with an experimental value of

4We utilize the computer code of Ref. [24] to perform the
Q2 evolution. We choose Nf = 3, ΛQCD = 250 MeV in the

MS renormalization scheme up to NLO in the perturbative
expansion.
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Figure 4. All results presented here are at the
model scale, Q2

0 = 0.16 GeV2 and each distri-
bution is plotted with respect to the appropri-
ate Bjorken scaling variable. The dotted line is
x∆uV (x) in the free nucleon, the dashed line il-
lustrates the effect of replacing the free masses
with the effective ones. This distribution convo-
luted with the Fermi smearing function of Eq. 7,
is presented as the dot-dash line and the final re-
sult where the vector field is also included via the
scale transformation Eq. 8, is represented by the
solid line.

gA = 1.257 ± 0.004. Comparing to our result
∆q3 = ∆uV = 0.685, we see that the model pre-
diction for gA is a factor of 2 too small. The
reason this simple model is unable to reproduce
the experimental gA is primarily the absence of
the d-quark distribution. We also note that the
empirical zeroth moment of the uV distribution
is ∆uV = 0.940 ± 0.26 [25].

The results for the finite density spin-
dependent quark distribution are presented in
Fig. 4. The effect of the scalar field on the free
distributions is obtained by simply replacing the
free quark, diquark and nucleon mass, in Eq. (37),
with their effective ones given in Table 1, the re-
sult is the dashed line. Evaluating the convolu-
tion integral, Eq. (7), including the Fermi smear-
ing function given in Eq. (10), incorporates the
Fermi motion of the nucleon. The resulting dis-
tribution is the dot-dashed line in Fig. 4. The ef-
fect of the vector field is now trivially determined
from the scale transform of Eq. (8), and is indi-

Figure 5. Ratio of ∆uV (xA) in the nuclear
medium to ∆uV (x) in the free nucleon, at the
model saturation density and Q2 = Q2

0. We are
able to plot this ratio as a function of x with the
use of the relation xA = MN0

εF
x = 1.02x. Recall,

MN0 is the nucleon mass at zero baryon density,
hence MN0 = 940 MeV.

cated by the solid line in Fig. 4. The dotted line
is simply the zero density result given in Fig. 3
and is included here for comparison.

The introduction of the scalar field significantly
reduces ∆uV , resulting in a reduced strength for
the axial couplings – we find gA = 0.435. With
the inclusion of Fermi motion there is a depletion
at intermediate x and the support now extends
beyond x = 1. This is possible because of momen-
tum sharing between the nucleons up to the Fermi
surface. The axial vector charge now becomes
slightly larger, having the value gA = 0.441.

Finally, the effect of the vector field is to
squeeze the distribution from large x, pushing
the peak to smaller x and reducing the region
of support. As the introduction of the vector
field is achieved via a simple scale transformation,
which is associated with a gauge transformation
in Ref. [15], the value of the zeroth moment and
hence gA remains unchanged from the previous
case.

The curve in Fig. 5 is the ratio of the nu-
clear and nucleon spin-dependent u-quark distri-
butions

RA/N (x) =
∆uV (xA)
∆uV (x)

(39)
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where the relation xA = MN0
εF

x = 1.02x is used
to obtain RA/N (x) as a function of x only. The
ratio exhibits a plateau between about x = 0.4
to x = 0.8 with an average value of about 0.7,
and if we compare this to the corresponding re-
sult for the spin-independent case, we expect that
the medium modifications are more significant for
the spin-dependent structure functions. For more
quantitative conclusions, however, we have to in-
clude in addition also the axial vector diquark
channel.

6. CONCLUSION

Nuclear medium modifications to the spin-
dependent quark light-cone momentum distribu-
tions have been discussed. We find that the
medium effects are significant, more so than
the spin-independent case, discussed in Ref. [15],
where the same formalism was used. However,
in this scalar diquark NJL model the longitu-
dinally polarized valence d-quark distribution,
∆dV (x), is zero everywhere. Hence, meaning-
ful comparisons with experimental values for the
Bjorken and Ellis-Jaffe sum rules, for example,
are not possible in this simple model. It is clear
that axial-vector diquark correlations must be in-
cluded if a more complete description of spin-
dependent distributions is to be realized in the
NJL framework. These results will be forthcom-
ing shortly.
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