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Abstract 

The relativistic Faddeev equation for three quarks is solved in the SU( 2)f x SU( 3), NJL model 
to get the nucleon and delta states. We truncate the interacting two-body channels to the scalar 
and axial vector diquark channels, which are expected to be dominant from the non-relativistic 
analogy. We find that both channels contribute attractively to the nucleon as well as the delta 
state, and that the principal mechanism for the mass spitting between the nucleon and the delta in 
this picture is the interaction in the scalar diquark channel, which is not present in the delta state. 
We show the dependences of the masses of the nucleon and the delta on the specific form of the 
interaction lagrangian, and derive restrictions on the possible forms of four-fermi interactions. 

1. Introduction 

The NJL model was first presented as an application of the mechanism of super- 
conductivity to particle physics, where the pion was described as a Goldstone bo- 
son of the spontaneously broken chiral symmetry with the nucleon as the elementary 
fermion [ 11. Afterwards it was thought of as an effective theory of low-energy QCD, 
based on quark degrees of freedom. It exhibits in a mean-field approximation the spon- 
taneous breaking of chiral symmetry, which is one of the most important properties 
of low-energy QCD, in a particularly clear manner, and allows a simple description of 
mesons [ 21 as qq bound states in the ladder approximation to the Bethe-Salpeter equa- 
tion. Another important property of QCD in the low-energy region is the confinement, 
which is not respected in the NJL model. Many efforts have been (and are still being) 
made to derive this model from QCD [3], and to extend it so as to include the effects 
of the confinement [ 41. 

The investigations so far concentrated mainly on mesons, but recently also the struc- 
ture of baryons has been studied in the NJL model, making use of the mean-field 
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approximation [ 5,6] and the diquark-quark approximation [ 7 1. It is now well known 

that in the mean-field approximation, there exists no stable solution corresponding to 
the nucleon state [5,6] but one has to introduce interactions of higher order than the 

usual four-fermion one [5,8] to obtain a stable solution which qualitatively describes 

the nucleon properties. The validity of the mean-field description of few-quark systems, 

such as the nucleon, is, however, not obvious. In the quark-diquark approximation [ 71, 
on the other hand, one assumes the same spin-flavor structure of the baryon wave func- 

tion as in the non-relativistic quark model to add a third quark to the diquark, where the 

latter is a qq bound state solution of the Bethe-Salpeter equation. That is, the interaction 
between the quark and the diquark is neglected. 

In order to go beyond these pictures and to include explicitly the correlations between 

the quarks in a relativistically covariant way which is consistent with the description 

of mesons, we have to solve the relativistic Faddeev equation for the three quarks [9- 
13]. In the NJL model, because the elementary interaction between quarks is of zero 
range and thus separable, we are really able to solve the relativistic Faddeev equation 

including the negative-energy intermediate states in the ladder approximation. Using the 

helicity formalism [ 141 it is also possible to perform the spin and parity projection of 

the Faddeev kernel fully relativistically. For a given form of the four-fermi interaction 
lagrangian, the number of interacting two-body channels is finite and therefore it is in 

principle possible to treat the three-body problem without any approximations (except for 
the ladder approximation). In this work, however, we truncate the interacting two-body 

diquark channels for simplicity to the scalar (O+, T = 0) and axial vector (I+, T = 1) 

ones which are expected to be dominant from the non-relativistic analogy. We then solve 
the relativistic Faddeev equation for the nucleon and the delta states in the flavor SU(2) 
NJL model without any further approximations, concentrating here on the resulting 

eigenvalues (masses). Instead of assuming a specific form of interaction lagrangian, we 

treat the coupling constants in the scalar and the axial vector qq channels as parameters. 

In this way we investigate the dependence of the baryon masses on the form of the 
interaction lagrangian, in order to constrain the form of the possible effective quark- 

quark interactions of NJL type suitable for hadron physics. Using our numerical solutions 

of the Faddeev equation we will discuss possible forms of the four-fermi interaction 
which can reproduce the pion, nucleon and delta masses. Note that due to the lack 

of confinement we must describe the delta particle as a bound state, since a resonant 
state would decay into a quark and a diquark or three quarks instead of the “physical” 
decay into a nucleon and a pion. A similar difficulty is encountered in the description of 
heavier mesons like vector mesons or the 7’ [ 15,5]. Recent works [4] have shown that 
to some extent it is possible to mimic confinement by including momentum-dependent 
quark-quark interactions. It then, however, becomes very difficult to solve the relativistic 
Faddeev equations exactly. Since the main purpose of our present work is to find exact 
solutions of the Faddeev equations in the NJL model, we leave the phenomenological 
incorporation of confinement as a subject for future research. 

The results for the nucleon mass in the present Faddeev approach have already been 
published in two letters [ 11,121. The present paper intends to provide the formal details 
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of these calculations, to extend them to describe the delta and in particular the origin 
of the delta-nucleon mass difference in this model, and to use these numerical results 
to derive restrictions on the possible forms of chiral-invariant four-fermi interactions. In 
Section 2 we present the interaction lagrangians, introduce the effective couplings and 
solve the two-body Bethe-Salpeter equation in the scalar and axial vector diquark chan- 
nels in the ladder approximation. In order to be self-contained, we derive in Section 3 
the relativistic Faddeev equation and give its detailed form for the case of the NJL 
model including the scalar and axial vector diquark channels. In Section 4 we project 
the relativistic Faddeev equation on physical baryon states. In particular, we discuss 
the spin and parity projection in some detail. In Section 5 we explain our numerical 
methods, and in Section 6 we present our results for the nucleon and delta masses and 
use them to discriminate between various forms of the interaction lagrangian. We find, 
for example, that in the original NJL lagrangian the qq interaction is too weak to form 
a bound nucleon state if the qq interaction is constrained by the pion mass. However, 
using the color current type interaction lagrangian [7,10], which has some foundation 
as an effective lagrangian of low-energy QCD, we get a realistic nucleon state whose 
mass is about 900 MeV, but the delta is unbound. We investigate the values of the 
coupling constants needed to obtain also the delta as a bound state of about 1200 MeV, 
and give the most simple possible form of the corresponding chiral-invariant interaction 
lagrangian which is able to reproduce the pion, nucleon and delta masses simultane- 
ously. In Section 7 we summarize our results. Technical details of the calculations are 
comprised in four appendices. 

2. Lagrangians and two-body T-matrices 

2.1. Lagrangians 

We consider the following SU(2)r x SU(3), symmetric quark lagrangian: 

L = co + LI, (2.1) 

where & = F(id - m)+ is the free quark lagrangian with m the current u-, d-quark 
mass, and _& is a chirally symmetric four-fermion interaction lagrangian of the NJL 
type. Examples are the original NJL form [ l] 

(2.2) 

or the color current interaction lagrangian used in some recent works [ 7,101: 

where A, are the SU(3), generators with the normalization tr( &Ad) = 2&. As we 
mentioned already, instead of choosing a specific form of JZ~, we wish to study how 
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the results depend on it, so as to impose useful restrictions on the possible forms of 
Ci. For this purpose we note that using Fierz rearrangement one can rewrite any given 
Cr into a form where the interaction strength in a particular channel can be read off 
directly [ 1,7]. (This procedure is explained in Appendix A.) For the qq channels this 
means simply to rewrite Ci into the Fierz symmetric form Ct,q4 = i (Ci + Ct,r), where 
Ci,F is the Fierz rearranged form of Ci. (With this lagrangian, exchange terms simply 
give a factor 2.) In the (Of, T = 0) and (O-, T = 1) color singlet q4 channels we 
parametrize the relevant piece of Ct as 

(2.4) 

The interaction strength gr is related to the coupling constants of the original Ci. For 
example, in the case of (2.2) g, = gg, and in the case of (2.3) g, = fg. (g, > 0 
means attraction in the pionic qLj channel.) For the qq channels we rewrite 131 into 

- -T 
an equivalent form which consists of terms of the form (@,A$ ) (ICITB+), where A, 
B are matrices totally antisymmetric in Dirac, isospin and color indices. Here we are 
interested only in the color 3 channels, since the color 6 channels do not contribute to 
the colorless three-quark state. In the scalar (Of, T = 0) and axial vector ( l+, T = 1) 
color 3 qq channels we parametrize the relevant pieces of Ci as ’ 

where PA = J ;AA (A = 2,5,7) projects on the color 3 channel, C = iy2 ‘yo 

charge conjugation matrix, and i = 1, 2, 3. (g, > 0 (ga > 0) means attraction 
scalar (axial vector) qq channel.) Introducing the ratios2 

(2.5) 

(2.6) 

is the 
in the 

(2.7) 

we have for the lagrangian (2.2) r, = 5, r, = A, and for the lagrangian (2.2) rs = $, 

r, = i. We see that if g, is fixed by the pion mass the interactions in the O+ and If qq 

channels are much stronger for the lagrangian (2.3) than for the lagrangian (2.2). 
In Table 1 we list g,, g, and g, for some chirally symmetric interaction lagrangians 

used in the literature. (The lagrangian (2.2) corresponds to the first case in Table 1 and 
(2.3) to the fourth case with an overall minus sign.) Of course, one can also consider 
any linear combination of these lagrangians, and we will discuss this possibility in 
Section 6. The chosen lagrangian should have a positive g,, in order that the interaction 
in the pionic channel is attractive, and also a positive gs since the attraction in the scalar 
qq channel is most important for the binding of the nucleon as we will discuss later. 

’ Due to chiral symmetry there is also an interaction term in the l- qq channel which has the form (2.6) 
with -y& + yG ys. The major component of this channel, however, corresponds to I= 1 and is therefore not 
considered in this paper. 

*Note that this definition of ra differs from the one used in Ref. [ 121. 
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The left row refers to various interactions lagrangiaas, when: (At, AZ) 3 ($At#)($At$) and 
g the four-fermi coupling constant. The other three rows show the interaction strengths in the 
pionic, scalar diquark and axial vector diquark channels (see Eqs. (2.4), (2.5) and (2.6)) 

2.2. Gap equation and two-body T-matrices 

We rewrite the lagrangian (2.1) in the form 

L = ?(i# - M)# + (.LI + 6M&b), (2.8) 

with SM = M - m. Requiring that the interaction part (Lt + 6M&9) in (2.8) does not 
produce further corrections to the quark mass we obtain the gap equation 

M = m + 2ig, 
s 

d4k 
- tr(&(k)). 
cw4 

(2.9) 

M is the constituent quark mass, and 

SF(k) = c-$+is 
is the Feynman propagator for the constituent quark. The integration in (2.9) is diver- 
gent, so we have to regularize it. In this paper we will use a sharp euclidean cut-off A 
after performing the Wick rotation for all divergent integrals like (2.9). 

For a momentum-independent interaction kernel K the Bethe-Salpeter (BS) equation 
in the qq channel reads 

L_~,,G (k) = K,B,~s + 
J 

d4q 
- s (2,,_)4 Kd,Ae FEES ,(k + q)sF,nlA(q)i,,A,,,s(k), (2.10) 

where k is the total momentum of the two-body system and the indices refer to Dirac, 
isospin and color. In the case of the pionic channel we have from (2.4) 

and the solution to (2.10) is 

(2.12) 
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with 

where 

tr [?‘dF(q)Y5Ti’&(k + q>] 

= 6iSiil J $$$ trD [%SF(qh@F(k + q)] (2.14) 

(2.13) 

The pion mass is obtained as the pole of (2.13). Due to the gap equation (2.9), m, = 0 
if m = 0, which corresponds to the Goldstone pole. 

For interaction lagrangians like (2.5) and (2.6), the BS equation in the qq channel 
reads 

1 L,p.,s(k) = fcrp,ys + 2 J d4q --~,p,neSF,nnl(kfq)SF,~~‘(-q)tA’~’,~S(k), (2.15) 
(2r>4 

where the factor i is a symmetry factor due to the two indistinguishable particles in the 
intermediate state. (It appears since we include a factor 2 due to the exchange term in 
every factor K in the ladder diagram.) For the scalar channel we have from (2.5) 

QQS = 4igS (~sC72P~)~~ (C-‘W~P~)~~~ (2.16) 

and the solution to (2.15) is 

t,(&+,yG = (rsC72PA),,W (C-‘y5728A),G 

with 

(2.17) 

Fs(k) = 2 x 2& 
1 + 2gs&(k2) ’ 

(2.18) 

where 

flS(k2)S*rA=i/$$ [ tr (y5C)72PASF(--q)T(C-1Ys)72PA’SF(k + q)] 

= 6iSAjA J -!!!- trD [Y~~dh’~~F(k + 4)] . 
(27i-)4 

(2.19) 

Here we used the relation C&( -q)TC-’ = f+(q). From (2.14) and (2.19) we see that 
ZZ, = fl,, and therefore if rS of Eq. (2.7) equals one the pion and the scalar diquark 
are degenerate: m, = m, if I, = 1. (Here m, is the mass of the scalar diquark.) 

For the axial vector channel we have from Eq. (2.6) 

&p,ra = 4& (Y~CWYP~),~ (C-‘Y”TJ~~P~),,~ t (2.20) 

and the solution to (2.15) is 

(2.21) 
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with 

5r(k)=2~2iga SC”“- 
[ 

where 

(2.22) 

17,(k2) (p” - y) SA’Aairi 

= ‘./$ tr [(?$LC)(7i7z)BASF(-4)T(C-Lyv)(727r’)PA’S(k+~)] 

= 6i$A,A8pi 
s 

The bubble graph Z& 
channel. 

2 trD [?&(q)y”&(k + d] . (2.23) 

of Eq. (2.23) is the same as the one involved in the I- qq 

623 

3. Relativistic three-body theory 

3.1. General formalism 

In this section we review the derivation of the relativistic three-body equations [ 16- 
181 (for an introduction to the three-body problem, see Ref. [ 191). The ultimate aim 
is to solve the Dyson equation for the three-body propagator 

G = Go + GoKG, (3.1) 

where GO is a product of three single-particle propagators and K is the interaction 
kernel. If we assume only two-body interactions we can write K = K1 + K2 + Ks, where 
Ki means that particles (jk) interact and i is the spectator. (Throughout this section, 
(ijk) is an even permutation of ( 123).) In terms of the two-body propagator gi in the 
three-body Hilbert space which satisfies gi = GO + GoKigi, JQ. (3.1) becomes 

G=gi +gi(Kj + Kk)G. (3.2) 

We further introduce the two-body T-matrix in the three-body Hilbert space & by gi = 
( 1 + Ga?i)Ga as well as the Faddeev decomposition G = GO + Gi + G2 + Gs where 
Gi = GoKiG describes processes where the pair i interacts last (see Eq. (3.1) ). Use of 
these definitions in (3.2) gives 

Gi = Go&Go + Gu&(Gj + Gk). (3.3) 

In terms of the three-body T-matrix T = xi z with Gi = GoEGo, one obtains from (3.3) 
the well-known Faddeev equations 

T = fi + fiGo( Tj + Tk) , (3.4) 

T=c7;,. (3.5) 
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The quantities I;: contain also three-body reducible processes. It is often convenient to 
separate these from the irreducible ones. For this one introduces quantities Y$ by 

7;: = t;: + C fiqmt”,. (3.6) 
“, 

The quantities TixjTj describe three-body irreducible processes where pair j interacts 
first and pair i last. It is easy to see that the xj must satisfy the equation 

Kj = B,Ge + C Sj~Ge~~~i, (3.7) 

with &j = ( 1 - 6,). TO see this, we note that if (3.7) is satisfied the second terms on 
the r.h.s. of (3.6) and (3.4) are identical, 

Cgmfm=Ge (fj+Tk) +C8ila&l.& 
n, [ ml 1 

=Go ij_ti~+Cij~~im+Ci~Y~~im 
i “I m 1 =G(T’ + T/z), (3.8) 

i.e., Eq. (3.4) is satisfied. The usual two-body T-matrix in the two-body space t is 
related to i by fi = t&i, where & is the Feynman propagator of particle 1. In terms 
of the quantities Xii = $*5&t Eqs. (3.6) and (3.7) become 

xji = sijk SFk + c aj//l &&l~tlXlir (3.9) 
11’ 

q = tiS;r + C tiXi”*tm, (3.10) 
nt 

T=xz. (3.11) 

In Eq. (3.9), Sijk = 1 if i # j + k, and 0 otherwise. 

3.2. Faddeev equation in the NJL model 

In the case of a separable interaction like in the NJL model, it is possible to reduce 
Eq. (3.9) to an effective two-body equation describing the scattering of a particle on a 
pair of particles (quasi-particle) [ 191. We wish to derive this equation in momentum 
space. For three particles with momenta (ki, k2, k3) we define the Jacobi variables 
(P, qi, pi) as fOllOWS: 

ki = .$P +pi, kj=$P+qi-$pi, kk=$P-qi-;Pi. (3.12) 

The inverse relations are 

4i = $(kj - kk), Pi=$(k-(kj+h))~ P = ki + kj + kk. (3.13) 
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(Here the indices do not refer to the particle number, but simply characterize the three 
momenta.) There are linear relationships between the three possible sets of variables 

(qi,Pi): 

qi = -tqi F api F $e pi = *qi - L 2Pi-4 9 IP (3.14) 

where the upper signs hold if (ij) = ( 12)) (23) or (3 1 ), and the lower signs otherwise. 
We further introduce basis states [ 201 Iqp)qlnzns where q denotes the relative momentum 
between the pair (jk) and p between particle i and the pair (jk), and 1y1, ax, a3 
characterize the Dirac, isospin and color indices of particles i, j, k, respectively. Here 
(q, p) denotes any of the three sets (qi,Pi) e For example, )qlpl);l’(FLQ3 denotes a state in 
which particle 1 has momentum kl and index al, particle 2 has (k2, a2) and particle 3 
has (k3. aj), etc. (This identification follows from Eq. (3.13) .) There are relationships 
like 

IqlPl);l’a2n3 = 1q2p2yysa1 = Jq3p3)yaz, 

Jqlpl);‘a2Za3 = Jq2p2)ya3 = (q3p3)ya2, 

etc. In this representation a separable T-matrix is expressed as 

(3.15) 

“:“;“j^(q~pilItilqipi)ploilnl = (2&(4)(p; -pi) 

XG+i ~~“‘(q;1)7i~“‘(qi)~~b(~P -pi), (3.16) 

where fi and 3 are the two-body vertex function and its conjugate, and a sum over 
the two-body channels a, b is implied. As will become clear later (see the discussion 
below Fq. (B.12) ), only those parts of the vertex functions in Eq. (3.16) which are 
antisymmetric with respect to interchange of particles j and k contribute to the three- 
body T-matrix between antisymmetrized three-body states. We will therefore assume 
that the vertex functions satisfy 

@‘“j ( -qi) = -ejak(4;). (3.17) 

For the formal developments it is convenient to have an operator representation of ti 
besides the matrix representation (3.16). For this we introduce the following state [ 19 3 : 

as well as its conjugate, from which we obtain 

““‘~~(qipi]P!LZ)~ = (27r)4S(4)(Pi-Pi) Sai,l fiz”(qi). 

A convenient representation for t; is therefore 

(3.18) 

(3.19) 

(3.20) 
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Fig. 1. Graphical representation of the Faddeev equation (3.25). A single line represents a quark and a double 
line a diquark. 

In the NJL model the two-body vertex functions are independent of the momenta, 
i.e., the gp are constant matrices in Dirac, isospin and color space. We now insert the 

representation (3.20) into the Faddeev equation (3.9) and take matrix elements between 
states ,“(pi, bJ and Ipi, u): to derive an integral equation for the quantity 

Note that this quantity is already an effective two-body quantity; it depends only on the 

relative momentum between one particle and the pair as well as on the indices LY of the 
particle and a of the pair. The resulting integral equation reads (see Appendix B) 

with 3 

(3.23) 

Eq. (3.22) can be interpreted as an equation for the scattering amplitude of a particle 
on a pair of particles (see Fig. 1) . 

The total three-body T-matrix for a separable interaction can be expressed in terms of 
the effective two-body quantities (3.21) by using the representation (3.20) in Eq. (3.10) 
and taking matrix elements between three-body basis states l~p)~Py_ We will give the 
explicit expression below for the case of identical particles. 

3.3. Identical particles 

For identical particles the indices 1 or k on the one- and two-body Green-functions 
$7 ant r in Eqs. (3.22) and (3.23) can be dropped. If we consider Xji simply as a 
function of two momenta p’ and p, the indices on the momenta can also be dropped. 

3 The quantities X and Z of Refs. [ 11,121 correspond to the quantities --ix and -iZ of this paper. 
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The only dependence on the particle indices is then due to the factor 8ijk SFk = 8ij SF in 
Eq. (3.23), i.e., we have Zij = ZS,. If we define a quantity 

XtYP’*P) = ;Cx;;a(pf,p), (3.24) 
ij 

it satisfies the integral equation 

Bff Pa Xba (P’9 P> = z,, (p’, p) + 

xs;q ;P +p”)7cd(;P -P”)X~(P”TP) (3.25) 

with 

Z,p,“(p’,p) =d?$j(-p -p’)T, (I 

Tab = 27,b. 

(3.26) 

(3.27) 

Eq. (3.25) is shown graphically in Fig. 1. As we will show in the next subsection, 
the quantity 7 introduced here coincides with the quantity 5 of Subsection 2.2, see 
Eqs. (2.18) and (2.22). The reason for introducing the quantity (3.24) is that it 
determines the total three-body T-matrix between antisymmetrized basis states. To see 
this, we use (3.10), (3.11), (3.20) and (3.21) to obtain 

We sandwich (3.28) between antisymmetric basis states, expressed with respect to any 
particle 1 (see the discussion above Eq. (3.15)): 

(ICI k*k3)~‘- = &C (Iqipi);liaiak _ 1 _ q.p.)a@kaj) , 
1’1 (3.29) 

where for fixed i, (ijk) is an even permutation of ( 123). A simple calculation leads to 
(see Appendix B) 

(3.30) 
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Here (ijk) and (Imn) are even permutations of (123). If Eq. (3.25) is solved for X, 
Eq. (3.30) represents the solution of the relativistic three-body problem in the NIL 
model. 

3.4. Faddeev equation including scalar and axial vector two-body channels 

The two-body vertex functions 0, n and propagators r, which are needed in the 
Faddeev equations (3.25), (3.26)) have been discussed for the scalar and axial vector 
channels in Section 2, see Eqs. (2.17) and (2.21). However, we note that in the deriva- 
tion of Eq. (3.25) the particles have been treated as distinguishable, though identical 
in their physical properties. (Note that in Eq. (3.22) the quantity r still had an index 1 
which was dropped in (3.25) since 7’ = r for all E.) In contrast to this, the matrices ? 
in Section 2 have been derived for indistinguishable particles. The connection between 
these quantities is given by Eq. (3.27), as can be seen as follows: If the particles are 
treated as distinguishable, the interaction lagrangian corresponding e.g; to Eq. (2.5) has 
the form 

&, = 2g, ($“(rsc)rz,A,(2)) (~(2)T(C-‘y5)72pA~(‘)). (3.31) 

(The factor 1 when going from (3.31) to (2.5) has the same origin as the familiar factor 
4 which is introduced in the two-body potential operator written in second quantized 
form for indistinguishable particles.) In this case there is no factor i in the Bethe- 
Salpeter equation (see Eq. (2.15) ) , and the T-matrix becomes 

t,(k) = (Yd32PA) T,(k) (C-‘w2PA) 3 27,(k) = 7s(k), (3.32) 

with 5,(k) given by Eq. (2.18). The factor 2 in the relation 27s( k) = T,(k) comes from 
the particle exchange in the final (or initial) state of the ladder diagram. An analogous 
discussion holds also for the axial vector channel, i.e; 

r,(k) = (YJ7i72PA) 7f” (k) (f3v27iPA) , 27Y((k) =T(k), (3.33) 

with ?‘a”” (k) given by Eq. (2.22). 
Inserting the vertex functions appearing in (3.32), (3.33) into (3.26) we obtain for 

the quark exchange kernel 

Here a s (aD, m, A) characterizes the diquark channel with ao = (p, 5) for the Dirac 

matrix, m = f 1,O for the spherical isospin matrices r&i = F 
$ 

h (7, f i TV), TO = T,, 

and A for the 3 color matrix. The indices LY, cy’ stand for the Dirac, isospin and color 
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indices of the quark states. In deriving (3.34) we used C-I,$( -k)C = SF(k), and 
the isospin part of the axial vector vertex function in Eq. (3.33) was rewritten using 
(~72) (r2ri) = (~~72) (72rk). The two-body propagator r(k) in (3.25) can be written 
as 

with T,(k) and T’“(k) 

0 

?-f/IL(k) 
(3.35) 

given by Eqs. (2.18), (2.22). Eq. (3.25) together with (3.34), 
(3.35) forms the basis of our description of baryons in the relativistic Faddeev approach. 

3.5. Bound states 

Near a three-body bound state of mass Ma the three-body T-matrix behaves as 

TA 
r7 

P2 - Mi + is 
as P2 -+ Mk, (3.36) 

which defines the three-body vertex function r. From Eq. (3.30) we obtain for the 
antisymmetrized vertex function 

r a1a*rr3(klk2k3) = ~.fl?%&P -pi)c(pi), (3.37) 
(i.ik) 

where Xr is the effective two-body vertex function for the system of a particle and a 
pair: 

as P2 --) M;. (3.38) 

It satisfies the homogeneous version of Eq. (3.25): 

X:(P) = 
s 

d4p’ 
- (2TJ4~$y(P9P’)‘$‘(+p +p’hd($P -p’)x:(p’). (3.39) 

3.4. Correspondence to Feynman diagrams 

It is sometimes convenient to write the Faddeev equations (3.22) or (3.25) in a form 
which directly corresponds to the expressions derived from Feynman diagrams. For this 
we note that for N particles the 2N point function 

Gr _= (OIT (+(I, . . . $‘(N)$‘) . . .FcN)) IO) 

is related to the usual Green function GcN) and the T-matrix TcN) by 

(N) 
GF 

= iNC(N) = iN GhN’ + ChN)T(N)CiN) . 
> 

(3.40) 
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On the other hand, if in a Feynman diagram we amputate the external legs iNGr’ from 
the interacting part of the 2N point function, we are left with a quantity TiNI: 

= iNG~N' + ~NG(N) T(N) ( 0 ) F (iNG:N’) . (3.41) 

We therefore have the correspondence 

T(N) = i-NT@” 
F (3.42) 

between the amputated Feynman graph TiN’ and the usual T-matrix TcN). Using (3.42) 

for N = 2 and N = 3 we see that if we write the Faddeev equation (3.25) in the 

(symbolic) form 

(ix) = (iZ) + (iZ)(i&)(-7)(iX), (3.43) 

the quantities iZ, iS and -? agree with the expressions derived from Feynman rules. 

This correspondence is useful to check the various factors in the Faddeev equation. 

4. Projection to physical baryon states 

4.1. Color and isospin projection 

The color part of Eq. (3.34) is the matrix element of the quark exchange operator 
(2) between diquark-quark states I%, 3i), i.e., 

(?c’, 3i’J.??(%, 3i) = (&&l)i,i 

= - 5 (S&Sc’i’ - GclcSili) , (4.1) 

where we changed the color 3 index A = 2, 5, 7 used in the previous sections to c = 1, 

2, 3, and the corresponding color matrices are given by(Pc)ij = i 
J 

$Ecij. We wish to 

calculate the matrix element of z^ between states of good total color 

l(33)Ccu) = $(h~c,c)),i13c,3i), $ (4.2) 

where (C = 0, cy = 0) denotes the color singlet, (C = 8, LY = 1 . . .8) the octet, A?) = 

1 and Ai*) are the usual Gell-Mann matrices. Using (4.1) and (4.2) we get 

(4.3) 

From this we see that, if a particular physical baryon state (C = 0) is bound, the 
corresponding color octet state will be unbound. Since we are interested in color singlets, 
we have a factor (-3) in the Faddeev kernel. 

Similarly, the isospin part of (3.34) is the matrix element between diquark-quark 
states Itm, ia), i.e., 
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(t’m’, pJZ^Jtm, ;a) = (T$;‘T$‘+),,, 

631 

= &A2t+ 1)(2t’+ l>(~t,pml~cu’)(~t’,pm’I~cu>. (4.4) 
P 

Here ~-2) are the usual spherical isospin matrices defined below Eq. (3.34)) and r!$) z 
&ol. We also used the identity 

(r(f)) “t aB = &T-l(~t,pm~;a). (4.5) 

Using (4.4) and some relations for Clebsch-Gordan coefficients we obtain for the matrix 
element between states with good total isospin T, M 

(($t’)T’M’)Z^l($t)TM) 

= 2( -1) T’+1/2+f+f’ 
c 

(;$,papz’)(~t’, cu’m’)T’M’)(;~,a’/3~tm)(t;,ma~TM) 

(4.6) 

=2(-l) T’+1/2+~+f’(;,(;;)t’,T’M’l($&;,TM) 

lx.6 
= &T’r 8M’M x 

I ) 

& -1 
ifT=i, 

(4.7) 
2 ifT=i, 

where the sum in l3q. (4.6) refers to m’, m, (Y’, cy, /3. The result (4.7) is just the familiar 
recoupling coefficient, where the (2 x 2) matrix refers to the possible values (0 or 1) of 
(t’, t) . Using (4.3) and (4.7)) we get for the kernel (3.34) in the color singlet, T = i 

channel 

Z,s:“(p’,p) = -3 ?sF(P’ + P)Y5 msF(P’ +P)Y5 
&‘%(p’ +p)y”’ -y’sFb’ +& 

(4.8) 

and for the color singlet, T = $ channel 

.&%“$) = -6 (?‘sF@ +P)YP’),ln 7 (4.9) 

where from now all indices refer to the Dirac structure only. The off-diagonal elements 
in (4.8) describe the coupling between the scalar and axial vector diquark channels, 
while in (4.9) only the axial vector diquark contributes. The total Faddeev kernel is 
then obtained from (3.25) as 

&YP’,P) = Z,4;p(p',p)G~~(p) 

with the three-body propagator 

G;‘:(p) = A$“( $P + P)d’a( :P - P>, 

where the two-body propagator ?“‘” is given by (3.35). The Faddeev 

JmP’Jd = ZE(P’,P) + 
s 

(4.10) 

(4.11) 

equation (3.25) 

(4.12) 
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is thus reduced to a matrix equation in Dirac spinor and diquark channel space with the 
dimension (4 x 5)2. 

4.2. Spin and parity projection 

To perform the spin projection of the Faddeev kernel, it is most convenient to apply 
the helicity formalism of Jacob and Wick [ 141. As it stands, the Faddeev kernel (4.10) 
in the system where the total momentum of the quark and diquark vanishes is expressed 
in the basis states Ip, cua), where p = (PO, p) is the relative four-momentum, cx is the 
Dirac index for the quark ((Y = 1, 2, 3, 4) and a is the generalized Lorentz index for 
the diquark (a = 5, 0, 3, +l, -1, where a = 5 refers to the scalar diquark, a = 0,3 
to the time- and z-component of the axial vector diquark, and f 1 to the spherical f 
components of the latter) 4. The procedure consists of two steps: First, one transforms 
to a basis with good helicities (p, s,, Aa) according to 

IP, Q&J = XT: (p)~“,: (p) IP, a’4 

(4.13) 

Herethesymbols, (cy=l,... ,4) characterizes both the helicity and the intrinsic parity 
of the quark basis state, i.e., ,ys, = (l,O, 0,O) and xs3 = (O,O, 1,0) are eigenvectors 
of iZ$, with eigenvalue +i and positive and negative parity, respectively, while xsZ = 
(O,l,O,O) and xsq = (0, 0, 0, 1) are eigenvectors of f & with eigenvalue -i and 
positive and negative parity, respectively. S = diag( S, S) with S the usual spin-4 rotation 
matrix rotates the spinor by the Euler angles o = (0, C./J, $) into the direction of 8. 
Hence xs, (p) is an eigenstate of the helicity operator iJ!Z . fi with eigenvalue s,. (We 
note that with this choice of the basis xs, (p) is not a solution of the Dirac equation.) 
Similarly, for the diquark the symbol A, (a = 5,0,3, +l , -1) characterizes both the 
helicity and the nature of the diquark state, i.e., aAs = ( 1, 0,O) corresponds to the scalar 
diquark and helicity 0, EAT = (0, 1,O) to the time component of the axial vector diquark 
with helicity 0, and EAR = (0, 0, a~,) with a = 3, fl to the space components of the axial 
vector diquark. These basis vectors are rotated by R^ = diag( 1, 1, I?), with R the rotation 
matrix for ordinary vectors. Hence e&(p) is an eigenstate of the helicity operator 
?$ . @ = diag(O,O, Sd .j) with eigenvalue A,. (Sd are the usual spin-l matrices.) Note 
that our basis states for the axial vector diquark are different from the “physical” ones 
which are obtained by a Lorentz transformation and satisfy completeness in h4inkowski 
space [ 221. (The reason why we do not make use of this basis is that it is ill-defined 
on the light cone (p2 = 0), where two of the basis vectors become identical. This 
non-completeness at p 2 = 0 leads to singularities in the helicity representation of the 
kernel.) 

As is clear from the above, our basis states are chosen such that x$?_ = a,~, E:, = &,, 
and therefore Eq. (4.13) becomes 

4 We suppose that the kernel has already been transformed to the spherical representation of the axial vector 
diquark states, see Eq. (Cl ). In the following, a, b, . denote the indices (X0.3, +l, -1) 
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/P&A,) = ~‘%J)~~(o)~p,ff’a’). (4.14) 

Due to this relation, the Faddeev kernel in the helicity representation becomes 

Q$(p’,p) = (P(d))a’P’ (R^-‘(o’))~,b’~~~(pl,p) ($(w))Bo (“(o))b,) 

(4.15) 

where the kernel on the r.h.s. is given by (4.10). A relation similar to (4.15) holds 
also for the quantities X and 2, and therefore the Faddeev equation in the 
representation has a form similar to (4.12) with (Y -P sa, a + Ao, etc. 

The second step is the projection of good total angular momentum according 

IpoP, s,A,, JM) = NJ 
s 

dw D&,+&d In sa&)r 

where DLA is the Wigner D-function, NJ = (25 + 1)/&r2, and 

/ do = q,$jsin0d07@ 

0 0 0 

helici ty 

to [14] 

(4.16) 

denotes the integration over the Euler angles corresponding to the direction of p, i.e., on 
the r.h.s. of (4.16) p = (PO, R(w)P). (We use the notations p f (pi and p = (O,O,@) = 
R-’ (o)p.) As a result, we obtain the spin projected kernel as follows: 

F;::l;;y& (P&B’,PO,IV = NJ&, J S dw dw’D$,sa,,na, (w’) 

xF~~~~(~‘,p)D~,,+~(w) (4.17) 

with F’~“’ Aa,n, given by (4.15). If the same procedure is applied also to the quantities 
X and Z, the Faddeev equation (4.12) can be rewritten as a two-dimensional integral 
equation (see below). 

In Appendix C we derive the following relations for the behavior of the Faddeev 
kernel in the original representation under rotations and parity transformations: 

(?-l(m))Oa’ (R^-t(o)),” F;;‘(p@,pop) (“to))“” (&))“, 

= F$(P$‘, PO?) 1 (4.18) 

(PFP)f;p, = VI~F::(P; - P’, PO - Php’t’b 

= c:(P;P’, POP) > (4.19) 

where 

a = R-‘(w)p = (O,O,p), (4.20) 

$ = R-’ (w)p’ = R( w-‘to’) (0, 0, J?‘) , (4.21) 

and 
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~u=(1,1,-1,-1), ?1,=(1,-1,1,1,1) (4.22) 

denote the intrinsic parities of the quark and diquark basis states. In Eq. (4.18) both 
momenta p and p’ are rotated by the same angle such that p ----f p points along the z-axis. 
To understand Eq. (4.19), we note that the parity transformation of the eigenfunctions 
in the original representation is given by [ 2 1 ] 

P$:(Po,P) = 77&4q~P0~ -P)9 (4.23) 

and (4.19) is the corresponding transformation law for the kernel. 
Eq. (4.18) leads to the conservation of the total angular momentum, while (4.19) 

can be used to derive separate integral equations for the positive- and negative-parity 
parts. The conservation of the total angular momentum can be seen as follows: From 
(4.15) and (4.18) we see that 

F::z (P&L POP) = Fz:: (p;F’, POP). (4.24) 

(Note that p’ points along the direction CO-’ ’ w and p along the z-axis, see Eq. (4.21) .) 
Eq. (4.24) means that the kernel in the helicity representation depends only on the 
direction of p’ relative to p. We now use (4.24) in (4.17) and shift the variable 
l-0’ --) 01 Z? w -*CO’, which is the direction of ii’. Then the integral over w can be carried 
out analytically: 

(4.25) 

Therefore, the kernel (4.17) is diagonal in 1, M. Relations similar to (4.17), (4.24) 
hold also for 2, and therefore also the quark-diquark scattering amplitude X is diagonal 
in J, M. Therefore, the spin projected Faddeev equation becomes 5 

(4.26) 

with the kernel 

x~-‘(o’)“P~-‘(o’),,bF~~(p~p’,poP). (4.27) 

5 The integration measure in E$ (4.26) is due to s d4p”/(2?r)4 = l dptp”2 dp’r/(2rr)4 x s do”/2r, 

since the angular integrals include also an integration over the Euler angle I+‘~ besides 6” and 4”. 
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A relation analogous to (4.27) holds also for 2,. 
Eq. (4.26) is a two-dimensional integral equation, and with respect to the Dirac and 

Lorentz indices it has the same dimension as the original Eq. (4.12)) namely (4 x 5) 2. 
This dimension can be reduced to 10 x 10 by performing the projection to states with 

definite parity. We first note that from (4.14), (4.16) and (4.23) we get the parity 
transformation of the eigenfunctions in the JM representation as 

w~f,t,(Poa = Z*dtb,(POtB) 

with the phase factor 

(4.28) 

2 aa = ?#J&(-1)--s--j? (4.29) 

In Eq. (4.28), the index & is defined such that sd = -s, but vti = qcr, and similar for 
ii. That is, if a = (1,2,3,4) then & = (2,1,4,3), and if a = (5,0,3,+1,-l) then 
ii= (5,0,3,-l,+l). In (4.29), s= i, and j, is spin of the diquark characterized by 
a, i.e., j, = (0, 0, 1 , 1,l) . Then the parity invariance of the kernel (4.19) is expressed 
in the JM representation as 

(4.30) 

(4.31) 

Eqs. (4.28) and (4.31) are derived in Appendix C. From Eq. (4.28) we see that 

(4.32) 

has parity eigenvalues fl. Eq. (4.32) is nothing but a unitary transformation 

which can be expressed as 

Therefore, if we order the components of our eigenfunction +JM such that it is written 
as an array of pairs 

the unitary transformation to a state whose components have well-defined parity can be 
represented as a matrix 0 which has the 2 x 2 blocks U,, along its diagonal, This uni- 
tary transformation diagonalizes the parity operator to P = diag( +l, - 1, +I, - 1, . . .>. 
The corresponding kernel is then obtained as GFt?‘, and applying the positive-parity 
projection p+ = $__( 1 + P) then simply means to delete the second, forth, . . . rows and 
columns of (6F.T’). In this way one arrives at the kernel for the positive- (negative-) 
parity states 
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(4.33) 

where in the last step we used the parity invariance (4.31). Since in (4.33) only those 
indices (au), (/?b), . . . should be taken which are not related by (fib) = (Cii) etc., 
the kernel for a definite parity has now the dimension 10 x 10. A similar procedure 
can be applied to the parity projection of ZJ, and therefore the parity projected Faddeev 
equation can again be written in the form (4.26), i.e; two separate equations for the 
positive- and negative-parity parts XC+) and Xc-). 

In the actual calculation we solve the homogeneous version of the positive-parity part 
of Eq. (4.26) : 

(4.34) 

The further evaluation of the kernel is outlined in Appendix D: After expressing the 
dependence of FE on the direction of p’ by a further D-function, it is possible to carry 
out the angular integrals in (4.27) analytically. 

5. Numerical procedure 

In this section we will explain the choice of the parameters and our numerical method 
to solve the relativistic Faddeev equation. As we mentioned already, we will not choose a 
specific form of the interaction lagrangian Lt in E!q. (2.1), but we will treat the effective 
coupling constants in the various channels included in our calculation as parameters. 
We also mentioned already that we regulate divergent integrals by a sharp euclidean 
cut-off A. Therefore, for the calculation of the pionic properties and the constituent 
quark mass M there enter the following three parameters: The coupling constant in 
the pionic channel g, (see Eq. (2.4)), the current quark mass m and the cut-off A. 
They are determined by imposing the conditions mn = 140 MeV, fr = 93 MeV and 
M = 400 MeV. As usual, the first condition concerns the pole position of (2.13)) and 
the second condition is obtained from the relevant diagram for pion decay as 

J d4q 1 
f?r=-12ig,M (2r)4(q2_M2)((k+q)2_M2) 

for k2 = m',. The third condition on the constituent quark mass M, which is related to 
the three parameters mentioned above by the gap equation (2.9), could in principle also 
be dropped, i.e; one could treat M as a parameter. However, if one wants to describe 
the delta simultaneously with the nucleon as a bound state of about the right mass, one 
needs M 2 400 MeV, and in order to stay within the usually adopted range for the 
values of M, we fix it to M = 400 MeV. The parameters determined in this way are 
shown in Table 2. When we solve the Faddeev equation for the baryons, truncating the 
two-body channels to the scalar and axial vector diquark ones, there enter the additional 
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Table 2 
Parameters determined to give m,, = 140 MeV, f,, = 93 MeV, M = 
400 MeV and the resulting scalar diquark masses for several ratios rS 

8, lGev-21 
M [MeV] 
A [MeV] 
mS [MeVl 

rS = 0.4 
rS = 0.6 
rs = 0.8 
rS = 1 

10.4 
9.0 
739 

764 
627 
446 
140 

parameters gS and g, (see Eqs. (2.5) and (2.6) ), or equivalently the ratios r, and r, of 
Eq. (2.7). We will investigate how the baryon masses depend on these two parameters. 
We emphasize once more that different values of r, and r, reflect different forms of 
Lr. In particular, if a given Li involves only a single coupling constant g, this leads to 
definite values of the ratios rS and r,, see Table 1. Our aim is to impose restrictions 
on these parameters (and therefore also on the possible forms of ,Cr) based on our 
numerical results. 

When we use the parameters as determined above, there exists a pole of the qq 

T-matrix in the scalar diquark channel (Fq. (2.17) ) for rS > 4. The resulting scalar 
diquark masses are shown for three rS in Table 2. As explained earlier, for rS = 1 the 
scalar diquark becomes degenerate with the pion. On the contrary, there exists no pole 
of the qq T-matrix in the axial vector diquark channel (E$. (2.21)) except for very 
large values of r, (ra > 2). 

Next we explain our numerical procedure to solve the homogeneous relativistic Fad- 
deev equation (4.34). We solve it in the rest frame of the baryon, where P = (E, 0) 
with E the total three-body energy. The kernel involves the following singularities in the 
integrationmomentumph (seeEq. (4.10)):~; = --~E+Ep~-k~dp~ = -iE-E,/+k 
(which will be called singularities 1 and 2) from the quark propagator in Eq. (4.11)) 
p; = 1E + wp~ - ie and ph = ;E - top/ + ie with wP = Jm from the two-body 
propagator in E!q. (4.11) (singularities 3 and 4; here ,u is the diquark mass &I in the 
case of a two-body bound state, and ,U = 2M corresponds to the two branch points which 
are always present), and finally at ph = -PO + Ep+,,j - ie and p; = -PO - Ep+,,t + ic (sin- 
gularities 5 and 6) from the propagator of the exchanged quark in Eq. (4.8). Since in 
this paper we are interested only in bound states we impose the condition E < M + md. 
We also have m,j < 2M, where the equality sign corresponds to the case where no 
two-body bound state exists. If we denote 

M - md 
cY=-, 

2 
(5.2) 

one easily sees that in the complex p,$ plane the poles 2 and 4 lie always left of p; = LY, 

and poles 1 and 3 lie always right of ph = (Y. Therefore, we will perform a Wick 
rotation of the integral in (4.34) around the point ph = (Y, i.e; to the path p6 = LY + iw’ 
( -cm < w’ < co). (The location of the poles 5 and 6 depends on po, and since a priori 
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po is real one has to bend the integration path such that pole 5 lies right and pole 6 left 
of the path.) Finally, we continue po to complex values pa = cy + io. Then the poles 5 

and 6 move to -a&E p+,,~ - iw, and then it is easy to see that the pole 5 (6) lies always 

right (left) of the integration path p; = cy + iw’. To summarize, we solve the Faddeev 

equation (4.34) for complex pa = (Y + iw, where the integration path is ph = LY + iw’, 

i.e; a straight line parallel to the imaginary axis. 
If we discretize the integral Eq. (4.34) to a matrix equation, the dimension of the 

positive-parity kernel is ( 10N,,)2, where N[, is the number of mesh points for the pair 

(pc p>. (For the case J = i the dimension is ( 8NP)2, since matrix elements with 

h + s = &; do not contribute.) In the numerical calculation we transform (pap) to 

two-dimensional polar coordinates (r,q) with r 6 A. The convergence was tested by 

increasing the number of mesh points up to NP = 100. We directly diagonalize the kernel 
F to obtain its eigenvalues A(E), where E is treated as a parameter which is restricted 

to E < M + r&j. The baryon mass MB is then obtained from the condition 

A(E= MB) = 1. (5.3) 

We also mention that in the static approximation, where the mass of the exchanged 

quark is treated as infinitely heavy, the Faddeev equation becomes separable and can be 

solved almost analytically [ 10,111. This was used to test the computer code. Also, if 
the axial vector diquark channel is neglected, the angular momentum projection can be 

done very simply without the use of the helicity formalism [ 111. This was used as a 

further check of the formulation and the code. 

6. Results and discussions 

In this section we discuss our results for the nucleon and delta masses. In order to 
study the role of the scalar diquark channel in describing the nucleon state, we first 
fix the ratio r, = 0 and plot the largest eigenvalue h(E) of the Faddeev kernel for the 
nucleon state as a function of the total energy E for several values of rS in Fig. 2. The 

nucleon mass MN is then obtained from the condition (5.3). For each value of r, we 

show the quark-diquark threshold m, + M, where m, < 2M is the mass of the scalar 

diquark, by the dotted vertical lines. We see that the nucleon mass decreases and the 
binding energy measured from the quark-diquark threshold increases with rs, i.e. the 
contribution of the scalar diquark channel is attractive. We see from Fig. 2 that in the 
case r, = 0 we need r, 2 0.5 to obtain a three-body bound state, and rs N $ to get 
about the right nucleon mass. 

The results of Fig. 2 have been first obtained in Ref. [ 111, and have been confirmed 
by an independent calculation in Ref. [ 131. In Ref. [ 131 the results for the nucleon mass 
are given as a function of m, instead of r,. To see that the calculations are consistent, 
we note that our value rs N 3, which is required to get about the experimental nucleon 
mass, corresponds to m, E 570 MeV, which is very close to the value given in Table I of 
Ref. [ 131. Also, if we use the correspondence between m, and rs shown in Table 2, we 
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E [Get’] 

Fig. 2. The largest eigenvalue of the Faddeev kernel for the nucleon state as a function of the total energy E 
for ra = 0 and several values of rS. For each value of rs the quark-diquark threshold is shown by the dotted 
vertical lines. The intersections of the curves with the dotted horizontal line (A = 1) give the nucleon masses 
for each value of rs. 

see that the results for the nucleon mass given in Fig. 6 of Ref. [ 131 agree qualitatively 
with those of Fig. 2 of the present paper; differences arise due to different choices for 
M (375 MeV in Ref. [ 131, 400 MeV in the present calculation). 

Next we study the contribution of the axial vector diquark channel [ 121. The eigen- 
value curves are shown in Fig, 3 for several values of r, with the ratio rs = 0.5 being 
fixed. We see that the nucleon mass decreases with r,, and therefore for g, > 0 the 
contribution of the axial vector diquark channel to the nucleon mass is attractive, too. 
In particular, in the case of rs = 0.5, ra = 0.25, which corresponds to the color current 
interaction lagrangian (2.3), the nucleon mass is about 900 MeV With the original NJL 
lagrangian (2.2) ( rs = &, r, = &), however, it is not possible to obtain a bound state. 
From the results shown in Fig. 3 it is clear that the axial vector diquark channel plays 
an important role for the nucleon mass. 

In Fig. 4 we show the largest eigenvalue of the Faddeev kernel for the delta state for 
several values of ra. In this case the scalar diquark channel does not contribute since 
the scalar diquark has isospin zero, and therefore the results of Fig. 4 do not depend 
on rs. In order to obtain a bound delta state we need r, 2 0.44, which means a rather 
strong interaction in the axial vector diquark channel. Thus, neither the original NJL 
lagrangian nor the color current lagrangian give a bound delta state. With our choice of 
M = 400 MeV, we obtain a loosely bound delta state with mass MA 5 1190 MeV if 
r, 2 0.44. In order to obtain a more tightly bound delta state with MA 21 1200 MeV, 
one could choose a larger M and correspondingly somewhat larger ra. 

In Fig. 5 we show the pairs of parameters ( rs, ra) which give a reasonable nucleon 
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0.0 
0.2 0.4 0.6 0.6 1 1.2 

E [GeV] 

Fig. 3. Same as Fig. 2 for rS = 0.5 and several values of ra. 

mass, where by “reasonable” we mean the range 800 MeV < MN 6 1100 MeV. Fig. 5 
actually shows the parameters which give MN = 800, 940 and 1100 MeV. This figure 
shows how the attraction is shared between the scalar and axial vector diquark channels 
to obtain a given nucleon mass. If we make rS smaller than 0.3 we need an interaction in 

0.0 
0.2 0.4 0.6 0.6 1 1.2 

E [GeV] 

Fig. 4. The largest eigenvalue of the Faddeev kernel for the delta state as a function of the total energy E for 
several values of ra. The threshold is 3M = 1.2 GeV. The intersections of the curves with the dotted horizontal 
line (A = 1) give the delta masses for each value of ra. 
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0.6 

0.7 

0.6 

E 

0.5 

0.4 

Fig. 5. The three lines connect those values of the parameters (rS, r,) which give a nucleon mass of 800, 940 
and 1100 MeV. 

the axial vector channel which is stronger than in the scalar channel (r, > rS) in order 
to obtain a reasonable nucleon mass. On the other hand, rs must be smaller than 0.78 in 
order to stay within the indicated range of MN. Actually we find that the nucleon mass 
depends roughly linearly on the ratios rS and r,: 

1.2 

1.1 

1.0 

T 
AZ 0.9 

3 

0.8 

0.7 

0.6 

Fig. 6. The nucleon mass as a function of rS for three values of ra. 
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0.6 

Fig. 7. The solid lines show the nucleon mass as a function of ra for three values of rs, and the dashed line 
shows the delta mass as a function of ra. (Note that the delta mass is independent of r,.) 

MN 21 -I.lr, -0.7r,+ 1.7 [GeV]. (6.1) 

Thus, any interaction lagrangian which gives values for r, and r, satisfying approxi- 
mately the relation rs + 0.6r, =(0.5 to 0.8) gives a reasonable nucleon mass within the 

range indicated in Fig. 5. 
The approximate linear relationship (6.1) is also demonstrated in Figs. 6 and 7 which 

show the nucleon mass as a function of one of the ratios (r,, ra) for several values of 

the other one. If a curve in these figures is truncated on its upper left side this means that 
no bound state can be obtained by further decreasing the ratio shown on the horizontal 

axis. Fig. 7 also shows the delta mass, which does not depend on rs, as a function of 

rg. As mentioned above, r, 2 0.44 is needed to obtain a bound delta state. Fig. 7 also 
shows that in order to get simultaneously a reasonable result for the nucleon and the 

delta mass we need a lagrangian which gives the ratios rs 2 0.4 and r, 2 0.4, To our 
knowledge, none of the four-fermi interaction lagrangians used in the literature so far 
has this property. We will come back to this point below. 

If we fit the delta mass shown in Fig. 7 to a linear curve we have 

MA N -0.76r, + 1.52 [GeV] . (6.2) 

Together with I$. (6.1) this gives for the delta-nucleon mass difference 6 : 

MA - MN N l.lr, - O.O6r, - 0.18 [GeV]. (6.3) 

6 We emphasize that relations (6.1) to (6.3) arc only very rough ones and should not be used for quantitative 
purposes. 
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We see that the main mechanism for the delta-nucleon mass difference is the interaction 
in the scalar diquark channel: Increasing rs lowers the nucleon mass but leaves the delta 
mass unchanged. A small contribution comes also from the axial vector diquark channel 
due to the fact that the delta mass decreases with r, slightly more rapidly than the 
nucleon mass. 

The above discussion shows that for the case of M ~400 MeV a four-fermi interaction 
lagrangian which corresponds to g, > 0, rs 5 0.4, r, 2 0.4 can reasonably well describe 
the pion, the nucleon and the delta masses simultaneously. As shown in Table 1, none 
of the commonly used chiral-invariant interaction lagrangians has the property rS 5 0.4, 
ra 2 0.4. The next simplest possibility is to consider a linear combination of two 
such interaction lagrangians. By using Table 1 one finds that the following interaction 
lagrangian: 

LI = -g 2 (tiP$L$)’ + K ($Y%@)* 
i 1 (6.4) 

c=l 

with g > 0 gives gr/g = &(4 - 3K), Is = (2 - 3K)/(4 - 3K), ra = (1 + ;K)/(4 - 3K). 

As long as K < f, g can be adjusted such that g, = 10.4 GeV-* in order to give the 
experimental pion mass and decay constant. We note that rs (ra) is a monotonously 
decreasing (increasing) function of K. It is therefore possible to weaken (strengthen) 
the interaction in the scalar (axial vector) diquark channel relative to the K = 0 values 

’ andr,=z. ’ In order that rs > 0 we need K < 3, and in order to have a bound 7, = 3 
delta state (ra > 0.44) we need K > 0.27. Therefore, K lies in the range 0.27 < K < $. 

Note also that for the lagrangian (6.4) the relation between r, and r, is ra = 1 - {r,. 

For example, for K = f we obtain rS = r, = 0.4, which results in MN = 915 MeV, while 
the delta is still unbound, see Fig. 7. If K is increased to K = 4, we have rS = 0.33, 
ra = 0.5, which gives MN = 940 MeV, A44 = 1140 MeV, see Figs. 6 and 7. Between 
there is the case K = 0.27 (r, = 0.37, r, = 0.44), where the delta is close to threshold, 
Md = 1190 MeV, and MN = 920 MeV. We conclude that the lagrangian (6.4) with 
K ,$ $ can describe simultaneously the masses of the pion, the nucleon and the delta 
reasonably well. (However, we mention again that for the description of the delta as a 
bound state, higher values for M might be preferable.) 

The lagrangian (6.4) consists of the color current interaction (2.3) supplied with a 
correction term which has the form of a color and isospin singlet axial vector current in- 
teraction. Since the latter one affects the ( If, T = 0), qq channel most strongly, we note 
that in this channel the Fierz symmetrized interaction has the form --ig~ (&#‘r=&>* 
with gA/g = ($ + EK) corresponding to the two terms in (6.4). For K > 0 this is a 
repulsive interaction, i.e; it does not lead to a pole in the T-matrix for the ( l+, T = 0), 
qij channel. 

We note that the conditions g, > 0 and r, 5 0.4, r, 2 0.4 of course do not uniquely 
determine the form of the chiral-invariant four-fermi interaction. For example, it is clear 
that by considering a linear combination of three terms (instead of two in Eq. (6.4) ) it 
is certainly possible to adjust the coefficients such that the desired values for rS and ra 
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are obtained. The lagrangian (6.4), however, seems to represent the simplest possible 
form. 

We point out that these conditions on the form of the interaction lagrangian have 
been derived within our present bound state description of the nucleon and the delta, 
and therefore their validity is restricted to this framework. One must bear in mind that 
the nucleon and in particular the delta constructed here are loosely bound systems, 
and therefore the effects of the confinement, which are not included in this calculation, 
could be important. There has been some progress recently to mimic the effects of the 
confinement by taking into account momentum-dependent interactions such as to avoid 
the single quark poles in the Green functions [4]. It would be interesting to extend 
our present Faddeev approach such as to include the effects of the confinement in a 
phenomenological way. 

7. Summary and conclusion 

In this paper we investigated the masses of the nucleon and the delta in the NJL model 
as an effective theory for QCD in the low-energy region by applying the Faddeev method. 
Restricting the two-body channels to the scalar and axial vector diquark ones, which 
are expected to be dominant from the non-relativistic analogy, we solved the relativistic 
Faddeev equation for the nucleon and the delta state without any further approximations. 
The spin projection has been carried out completely relativistically by applying methods 
based on the helicity formalism. For the cut-off scheme we used the covariant sharp 
euclidean cut-off. In this way we were able to extend the usual description of mesons 
in the Bethe-Salpeter framework to a completely covariant description of the baryons 
in the Faddeev framework. 

Our purpose was to discuss the dependence of the baryon masses on the form of 
the four-fermi interaction lagrangian. We therefore treated the coupling constants in the 
scalar and axial vector diquark channels, or equivalently their ratios to the coupling con- 
stant in the pionic channel (r, and ra defined by Eq. (2.7))) as parameters. Lagrangians 
employed so far in the literature, like the original NJL lagrangian or the color current 
interaction lagrangian, then correspond to certain values of r, and r,. Our results are 
summarized as follows: Both the scalar and axial vector diquark channels contribute 
attractively to the nucleon mass, and for quantitative arguments the axial vector channel 
cannot be neglected. We have found that the nucleon mass depends approximately lin- 
early on the two ratios, and that any interaction lagrangian which gives ratios satisfying 
approximately the relation rs +0.6r,= (0.5 to 0.8) gives a reasonable nucleon mass (i.e; 
between 0.8 and 1.1 GeV) . In particular, the color current interaction lagrangian gives 
a nucleon mass of 0.9 GeV, but with the original NJL interaction lagrangian one cannot 
obtain a bound nucleon state. Concerning the delta mass, which does not depend on r,, 

we found that its dependence on r, is similar to the case of the nucleon. Moreover, one 
needs a rather strong interaction in the axial vector channel to obtain a bound delta state. 
For example, neither with the color current interaction lagrangian nor with the original 



N. lshii et al. /Nuclear Physics A 587 (1995) 617-656 64.5 

NJL interaction lagrangian one can obtain a bound delta state. In order to reproduce 
simultaneously the nucleon and the delta mass we need an interaction lagrangian which 
gives the ratios rs 5 0.4 and r, 2 0.4. We have pointed out that in this scenario the 
dominant mechanism to generate the delta-nucleon mass difference is the interaction in 
the scalar diquark channel, which is easily understood from the fact that with increasing 
interaction strength in this channel the nucleon mass decreases but the delta mass re- 
mains unchanged. We have also given the most simple form of the four-fermi interaction 
lagrangian which gives the required values for rs and r,, i.e; which can describe the 
masses of the pion, the nucleon and the delta simultaneously. The main part of this 
lagrangian is the color current type interaction which is supplemented by a correction 
term of axial vector current type. 

Using the methods developed in this paper, solutions of the relativistic three-quark 
Faddeev equation with four-fermi interactions of the NJL type can be obtained without 
great numerical difficulties. Thus we have demonstrated that an extension of the usual 
Bethe-Salpeter framework for the qq system to the Faddeev framework for the qqq 

system is feasible. Since this framework treats the quark-quark interactions explicitly, 
it seems superior to the mean-field (soliton) description of baryons which has been 
pursued most actively so far. (We note, however, that the soliton description might 
include sea quark effects which are not taken into account in the Faddeev approach, 
and therefore a detailed comparison of the two descriptions is necessary before one 
can draw firm conclusions.) In order to really establish the Faddeev approach as a 
successful method for baryons one should investigate properties of the nucleon like the 
magnetic moment, the axial vector coupling constant, etc., as it has been done recently 
in the simple additive quark-diquark picture [ 231. Such investigations are carried out in 
Ref. [ 241. Eventually, the effects of the confinement should be included into the model 
in a phenomenological way. Since the interactions necessary to mimic the confinement 
might be momentum dependent and non-separable, this requires the development of 
techniques which go beyond the present paper. The methods developed in this paper 
might nevertheless form the basis of such more ambitious approaches. 
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Appendix A. Fien transformations 

In this appendix we explain the use of Fierz transformations in order to bring any 
four-fermi interaction lagrangian into a form where the interaction strength in a particular 
channel can be read off directly. We will restrict the discussion to the flavor SU(2) case. 
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A. 1. qtj channels 

In order to obtain the interaction strength in a particular q4 channel, we use the Fierz 
identity [ 211 

(A.1) 

where P denotes a product of the following Dirac, color and flavor (isospin) matrices: 

r~={l,y5,iy5ycL,y~,~cLu}, (A.2) 

r;={l,p”}, (A.3) 

rp={l,.i}. (A.4) 

In (A.3), p” = 
$ 

$Aa (a = I,... ,8) with Aa the usual Gell-Mann matrices, such 

that tr(/P’p) = 36”‘“. In (A.l) the subscripts on the fermion fields just indicate their 
original positions and will be left out in the following. The minus sign on the r.h.s. is 
due to Fermi statistics. 

For the product T2PT’ on the r.h.s. of (A.l) we give the following identities: 

y5yJ~y5yF={-4,4y5,2iy5yp,-2y&,O}, 

y+r$y@ = (4, -4y5,2iy5yN, -2yp,0}; (A.51 

pbrgb = (8, -P”}, (A.6) 
TkljTk = (3, -ri}. (A.7) 

One can distinguish between four possibilities for r’ and r2 in Eq. (A.l): (i) They 
are just Dirac matrices (i.e; unit matrices in color and isospin space); (ii) They are 
the product of a Dirac matrix and an isospin matrix ri; (iii) They are the product of a 
Dirac matrix and a color matrix p’; (iv) They involve all three types of matrices. To 
write down the result for Eq. (A.l) for these four cases, we introduce the notation 

(alu2u3a4u5) = ul (;i;+)’ + u2 (Fy5+)” + u3 (Fiy5yp$)2 

+a4 ($YW)” -t u5 (WV)‘, 

(ulu2u3u4u5L = ul (&$)” + u2 ($y5T$)* + a3 (Fiy5ypTti)2 

+a4 ((clyr@) 2 + a5 (&Y7$) 2. (A.81 

=-& ((a, , . .a5)‘,’ + (al.. .u5)$1) + color 8, 

=-$ (3(al...a5)2.’ - (al. ..u=j)~*‘) +color 8, 

=-i ((u,...u~)*~‘+(uI . ..u5>$‘) +color8, 
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(~&pa~) * (@$rpv) =-f (3(a*. . .ad2*’ - (al.. .a5)$‘) + color 8. 

(A.9) 

Here the notation (. . .)2,1 indicates that the coefficients in (A.8) depend on the Dirac 
matrices rh and rk. The cases of interest are, using Eq. (AS), 

r;=i, r;=i : (u,...u#* =(u~...u~+ (11111) 
r;=y5, r;4=r5: (u~...u~)~~~~~=(u~...u~~~~=(II-~-~I) 
r':,=y,y5, r; =y$: (al...~sy~y5++y5 = (u,...u5)py5*Sg = (-442 - 20) 

l$=y,, r;=r”: (ul...u5)Y~~~=(ul...u5)~‘yr=(4-42-20). (A.lO) 

Using Eqs. (A.9), (A.lO) one can rewrite identically a given ,Cr into the Fierz trans- 
formed form &,F. Therefore, if one uses the Fierz symmetric form 

G& = ; (& + &,F) 9 (A.ll) 

one can calculate the direct terms only and multiply a factor 2 due to the exchange 
terms. It is therefore convenient to define the strength of the qq interaction in various 
channels as the coupling constants in the lagrangian (A.1 1 ), as we have done it in 
Eq. (2.4) for the (O+, T = 0) and (O- , T = 1) channels. 

A.2. qq channels 

In order to obtain the interaction strength in a particular qq channel, we first use the 
identity [ 1 ] 

(IclsrVi) (&P@2> = - (- 

(A.12) 

where we introduced the charge conjugated fields and operators by 

-T 
*‘= c72* (c =iy2y0), 
;7;1=-$Tc-'T2, 
r'=c72rTc-172. (A.13) 

For the Dirac, color and isospin matrices (A.2)-(A.4) we have 

r~=(1,y5,iy5ycL,-y/1,-I+ccy~, (A.14) 

rF={i,kp}, (A.15) 

rf" =(I,--7i}, (A.16) 

where the +( -> sign in (A. 15) holds for a = 1, 3, 4, 6, 8 (a = 2, 5, 7). Then we 
perform the Fierz transformation of the r.h.s. of Eq. (A.12): 
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(A.17) 

On the r.h.s. of (A.17) one uses the identities (cf. Eqs. (A.5)-(A.7)) 

~~~~~5=~5r~~={l,4,-i~y~,-y~,u~v}, 

($QriW~~) =YsYrr;Y5yfi = {-4,4y5,2i~% ++,o}, 

y;rgy = -yprgy = {-4,4y5, -2iy5yg,2yk,0}, 

p’br~pb=(pb)Tr~pb=-4r~ (A=2,5,7), 

r’krfrk = -rkrirk 1 = {-3,ri). 

(A.18) 

(A.19) 

(A.20) 

Here we are interested in the color 3 channels only, since the color 6 channels will 
eventually not contribute to a color singlet three-quark state. Therefore, it is sufficient 
to consider only those terms on the r.h.s. of (A.17) which involve the color matrices 
PA (A = 2, 5, 7). Then only those combinations of Dirac and isospin matrices survive 
which are totally symmetric. To write down the results, we will again distinguish the 
same four cases as in E&s. (A.9), and introduce the notation 

[ulu2u3] = @(?PAIk’)($‘pA+) + u2(h3AY5@')(&'~Ay5ti) 

+u3(a3*Y5Y~~')(~PAJY~~) 

[u4u51.ru4(~TpAyp~')~ (T@YV) -I u5(&pAdw')* (F@a,,ti). 

(A.21) 

In these definitions we included only the totally antisymmetric combinations of matrices. 
Then we obtain 

(VW (iJG9,) = -& ( [u@2u3]"' + [U4U5];") +COlOr 6, 

(F&b) . ($r&+) = $ (~[u~u~u~]~~~ - [U4~5]:.1) + color 6, 

(@bP”(cr) @r$“$) = i ([ai@as]*” f [ U4U5]2,") + COlOr 6, 

(@+j??j) . (p&pa+) =-% (3[UlU2U3]*" - [~4~5]$~) i-color 6. (A.22) 

Here the notation [. . .]*,I indicates that the coefficients in (A.21) depend on the Dirac 
matrices rb and r& The cases of interest are, using Fxl. (A.18), 

rb=i, rZ, = 1 : [UlU@3]"' = [ill]; [u4U5]:' = [ll], 

r&=y5, r:, =y5 : [UlU2U3]Y5'Ys = [ll- 11; [U4U5]psys = [-111, 

G = ypy5, G =ypy5 : [u~u~z~]"J“~,""'~ = t-4421; [U4U5]~'ys'F'5 = t-201, 

rA=ycL, I$ =y’ : [UlU*U3] Y@'Q = [-44 - 21; [44u5]pY = [20]. (A.23) 

Using Eqs. (A.22)) (A.23) one can rewrite identically a given Cr into a form Cl,,, from 
which the interaction strengths in the various channels can be identified, see Eqs. (2.5), 
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(2.6) for the (O+, T = 0) and ( l+, T = 1) channels. Using L,,,, exchange terms give 
a factor 4, but with every qq-loop there is associated a symmetry factor $. 

Using Eqs. (A.9)) (A. 10) and (A.22), (A.23) one easily obtains the various coeffi- 
cients listed in Table 1. 

Appendix B. Three-body equations 

B.I. Derivation of Eqs. (3.22) and (3.23) 

Inserting (3.20) into (3.9) and sandwiching the resulting equation between y@j, bl 
and (pi,a)F we obtain 

where we used the definition (3.21). The driving term in this equation is, using (3.18), 

U3.2) 

If (ijk) is an even permutation of (123), we use Eqs. (3.12) and (3.15) to write for 
the matrix element of &k 

“‘~(q~p~ISFkIqjpj)~y~=~y’~(q~p~ls~k(qjpj)~~~ 

=(27r)8S(4)(qi -qj)6(4)(pJ -pj)SflyY& 

X$z(+P -qi- ipi), (B.3) 

and (B.2) becomes 

zrh(pj~Pi) =&jk J d4qi~‘~(qj)~~(~P-qi-~pi)~(qi)6’4’(p::-pj). 

(B.4) 

We wish to express the r.h.s. of E$ (B.4) in terms of pj and pi. For this we express 
qj and pj by Eq. (3.14) (with the upper signs). The S-function in (B.4) then gives 
qi =p, + $pi -t $P9 and for constant n’s (NJL model) we get 

Zp&(p! p.)= 8ijk LPA$f(-pi -p!)K 1* 1 a 1 ' (B.5) 
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which is Eq. (3.23). The same result holds also if (ijk) is an odd permutation of ( 123). 

In this case, the argument of Srk in (B.4) is $P - qj - ipj, and use of Eq. (3.14) with 

the lower signs gives again (B.5). 
Consider now the matrix element of &SF~J in Eq. (B.l). If (jrl’) is an even permu- 

tation of (123) we obtain 

(B.6) 

(B.6) becomes 

Since we want to express this by pj and PI, we write (&, fij) in terms of (&, pi) 
using Eq. (3.14) (with the lower signs), and then the S-function in (B.8) gives 4l = 
-pj - $l- :P. For constant O’s (B.8) becomes 

where in the last step we used (B.5). If (jU’) is an odd permutation of ( 123), the r.h.s. 
of (B.9) is replaced by Z,!?‘bc (p$ , jil) &y ( i P + PI). Using this in Eq. (B. 1) we arrive 

at Eq. (3.22). 

8.2. Derivation of Eq. (3.30) 

For identical particles, the matrix element of (3.28) between the antisymmetric states 
(3.29) is, due to Xii = Xii for all i and Xij = X12 for all i # j 
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d4p I I , 
-a’az~(k:k~k~~~,a)~;I~,b~S~~~k,k2k3)~a2aJ~~b(~P -13) 
(277)4 

+2~~,,(B,B)P2(~,d(klk2q)~‘a2a3}7cd(4P - j,. (B.lO) 

Using (3.29) for 2 = 1 and (3.18) we get for the antisymmetric vertex functions (see 
Eq. (3.17)) 

while for the symmetric vertex functions these expressions vanish as does the total three- 
body T-matrix (B. 10). Here (ijk) and (Imn) are even permutation of ( 123). Using 
also Eq. (3.27), this gives the first term in (3.30). If we use 1 = 2 in (3.29) we see 
that in the last term of (B.lO) we can replace ;G, dJ by f($, dj, and therefore the term 
in the braces in (B.lO) involves the quantity X11 + 2x12 = 2X, see JZq. (3.24). If we 
use the above relations (B.11)) (B. 12) (without the factor SF: ) and replace 7 with 7 
using Eq. (3.27)) we obtain the second term in (3.30). 

Appendix C. Rotational and parity invariance 

In Section 4 of the main text, the Faddeev kernel F$’ in Eqs. (4.15) or (4.18) 
is assumed to be given in the spherical diquark basis. That is, any matrix IV,!, with 
spherical diquark indices a, 6, c = (5,0,3, +l , - 1) is related to the representation with 
Cartesian indices 1, m, n = (5,0,3,1,2) z (5, p) by 

fi 
A4 0~0 = d,+,,,M,yA/a 

with&=diag(l,l,l,Ai,),Ai,=fi(I)_;). 

CC.]) 

C.I. Derivation of Eqs. (4.18) and (4.19) 

To show EQ. (4.18)) we will derive the relations 

~-‘(o)R^-‘(w)z(p’,p)s^(w)R^(w) =Z(J?‘,p”), 

~-;-‘(o)R^-~(o)G(~)&LJ)&J) =G(@) 

cc.21 

(C-3) 
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in the Cartesian representation with J? = (PO, p), p’ = (p&p’) and p, p’ defined in 
Eq. (4.21). Since the kernel F has the form Eq. (4.10), Eq. (4.18) follows from the 
above relations after transforming to the spherical representation by using Eq. (C. 1) . Z 
and G are written as (see Eqs. (4.8), (4.11) and (3.35)) 

[ 

3’.5&(P +P)YS hYOG(P’ +p)Y5 AYisF(P’ +P)Y5 

z;;“(p’,p) = -3 &S&(p’ +p)yO -?‘OsF(p’ + p)yO -yisF(p’ + PhO 

&SsF(p’ + p)?‘? ?‘OsF(p +p)yi’ -yisF(p’ + p)yil I 

(CT:; 

G;;“(p) = $“($‘+p> 

i 

‘i5(3P -P> 0 0 
0 ?m( 4P - p) ?Oi( $P - p) 
0 7j/()( ;P - p) ;rjlj( +P - p) 1 

-~‘“(3P+p)?r~r(3P-p), (C.5) 

with P5 = Ss and ?p” given by (2.18)) (2.22). Eq. (C.4) refers to the T = 4 channel. 
Using the block form of s^ and 2, i.e; s^ = diag(S,S) and R^ = diag(l,l,R) as 

explained below Eq. (4.13)) and the relations 

s’*@J)#s^((w) =&&LJ)~“’ + ?-‘(@)&($P +p)&) = &(;P +@), (C.6) 

p”&“(w) =$, (C.7) 

we easily obtain (C.3). To show also Eq. (C.2), we note that the 1.h.s. of (C.2) 
is obtained by multiplying to each yi in (C.4) a factor Rij( w), to each yil a factor 

(R-’ ( w))~’ i’, and set the whole expression between se’ (o) and z(o) . Let us consider 
for example the term resulting from yisF(p’ + p)yo in (C.4). It becomes 

~-‘(~)yiR’j(~)SF(P’ +P)YOs^(W) =‘YjS-*(W)&(P’ fP)~(@)I’O 

=Y.j&(P’ + B)YOv ((33) 

where we used (C.6). Similar manipulations can be performed for the other terms, and 
we arrive at (C.2). An analogous discussion holds for the quark exchange kernel in the 
T = i channel, see Eq. (4.9). 

To derive Eq. (4.19)) we show the relations 

Pz(P’,P)P=w-P’L C--P))? (C.9) 

pG(pP=G((-p)) (C.10) 

with ( -p> p z (~0, -p) and ( -p’)p E (~6, -p’) . To obtain (C.9) we note that the 
1.h.s. of this equation is obtained by multiplying a factor (- 1) to each component of 
(C.4) which has a single yu, which gives the factor var]b in (4.19), and by multiplying 
each component of (C.4) by yu from left and right, which gives the factor r),r)p in 
Eq. (4.19). (The intrinsic parity factors vcr and r]a are defined in Eq. (4.22) .) Using 
y&(p’ +p)yO = &((-p’) + (-p)), one gets (C.9). Similarly, the 1.h.s. of (C.10) 
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is obtained from (C.5) by multiplying SF( 3 P + p) by ~a from left and right, and by 
multiplying a factor (-1) to ;?oi and Ftte. Using ‘ye&( fP + p)‘yo = &( $P + (-p)) in 
the system where P = 0, and the form of Y‘“, Eq. (2.22), one gets (C.10). 

Similar arguments hold for the quark exchange kernel in the T = % channel, see 
Eq. (4.9). 

C.2. Derivation of Eqs. (4.28) and (4.31) 

TO show Eq. (4.28)) we use (4.14) and (4.16) to obtain the relation between the 
wave function in the original representation and in the JM-representation as 

(C.11) 

Here we ex ressed 
P 

the rotational matrices in terms of Wigner D-functions according to 
?*,I, = D;a:: and ?a = D;;,AO, and the D’s have the same block structure as s^ and 2, 

i.e., fill2 = diag( D’i2, D’j2), 3’ = diag( 1 , 1, D' ) with Dj the usual D-functions. We 
apply the parity operator to (C.l l), use Eq. (4.23) and the relation 

D;,,(--0) = (-l)‘-“‘D;,_,,(w) 

to rewrite the result again in the form of Eq. (C.l 1 ), This gives 

(C.12) 

p+:(p) =JzlJCC~a77a(-1)J-S-j”~~~~(w)~;!~~,(w) 

JM da’ 

x @l s,, f A,r w&*5, (POVB) 

=~J~~~~~~(~)~~~~,,(~)D:~~,+~.,(~) 

JM da 

x77,~77,~(--fJ--s--j,~(G~~~~,(Po,~). (C.13) 

The notations used here are explained below Eq. (4.29), and we used qa = 7]at, qa = vat, 
j, = j,t due to the block structure of the 6’s. Eq. (C.13) is just the relation (C.11) 
between the parity transformed wave functions, and we arrive at Eq. (4.28). 

To show Eq. (4.31), we note that the kernel in the JA4 representation is related to 
the one in the original representation by Eq. (4.17) and (4.15). Rewriting the rotational 
matrices again in terms of 5’s as above, this relation becomes 

xF~bp(~‘,~)o^~~~~(~)~~~~~(~)D~~~+,~(~). (C.14) 

We now apply the parity operation (4.30) to Eq. (C.14), shift w -+ -w, o’ -+ --0’ 
and use Eq. (C.12). Then we note that Fota, = F,ybt and Fola = Fab due to the block 
structure of the 5’s. If we use then Eq. (4.19) for the parity transformation in the 
original representation we arrive immediately at Eq. (4.31). 
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Appendix D. Computation of the Faddeev kernel 

In this appendix we sketch the method to compute the Faddeev kernel (4.27). We 

first derive an expression for the r.h.s. of this equation in the Cartesian representation for 
the diquark basis (indices Z,m,n = (5,0,3,1,2) E (5,~)) and then transform to the 

spherical representation (indices a, b, c = (5,0,3, + 1, - 1) ) using Eq. (C. I> . We will 
refer to the kernel in the T = 1 channel, but the same methods can be used also for the 

T= 5 channel. First we note from Eqs. (4.8) and (4.10) that the kernel F$a can be 
written as 

&$“(P’#) = -3c111 [Yn&(P +P’)Y&;p +P)]&pI(;P -P), (D.1) 

whereclfl = 1 if (1,1’) = (5,5); -1 if (1,1’) = (p,,~‘); &if (1,1’) = (~,5) or (5,,u’), 

and zero otherwise. We take p to lie on the z-axis (see Eq. (4.27), we omit the tilde 
here), and therefore the only non-vanishing elements of the two-body propagator 7”’ are 
g5, 9, Tso = p3, +3 and 7” = Fz2. Th eir explicit expressions are easily obtained from 

Eqs. (2.18) and (2.22). Then the quantity on the r.h.s. of Eq. (4.27) can be written as 

follows (To simplify the notation, we will omit the Dirac indices in the following and 

indicate only the diquark indices.) : 

~-‘(w’)R^-‘(w’)l,“‘Fntl(p’,p) = -3C1’I~-l(W’)Rn-‘(W’)l,nr 

x [Yn&(P + P’)Y&( ip + P)] T I( ip - P) 3 

CD.21 

where U’ is the direction of p’. Here we used the fact that cm1 can be replaced by ~1’1 
due to the block structure of 2. We write 

1 
?‘nSF(P + P’)Ynl = (P + P,)2 _ M2 

X [?M’& - 2gnn4 + ~YIIP,,, + #‘~nr~n - 2#‘g,,, + 2p;ym - Mymy, + 2Mg,,] , 

(D.3) 

where p = diag($5,g““) with gs5 = 1, and p5 = 0. Into this expression we insert 

p’n = k(,l)n,p/m = $mk-I(&),“, (D.4) 

where p’ points along the z-axis. After this we use relation (C.6) in the form 

F’(w’)P(w’)l "Yl' =yp(w’) (D.5) 

to arrive at 

s’-‘(w’)R^-I(w’)t,“‘F,t(p’,p) 

= -3ql[ 
1 

(p +P’)~ - M2 
[YrP(W’)Y& +j’YlJP(o’)Y, 

-My$‘(w’)y, - 2s^--‘(w’)E-‘(w’)r,+ 
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-2~‘s^-I(~,)R^-l(o/)~,~ +2MS^--‘(w’)R^-‘(w’)p, 

+2~-‘(w’)R^-l(w’),,mp,,y, + 2~~,~-‘(o’)~~P-‘(w’)“,] 

XL!+ (;P +p)?&P -p). (JJ.6) 

Using Eq. (C.l) to transform to the spherical representation we get for the Faddeev 
kernel (4.27) 

x{ [yo*P(w’)yb~ +$ya*3-‘(w’)yb 
-My;,?‘(o’)yb - 2S’--‘(w’)@-‘(,‘),!$ 

-2$S*-1(09~-1(09/ + 2MS^--l(w’)R^-t(w’),,b 

+2~_‘(w’)R^_‘(w’),,Cp,yb + 2Ya*,S^--l(w’)a’CR^-I(W’)cb] 

XSF ($p +p)&Tba($P -p). (D.7) 

Here the star * means complex conjugation only with respect to the explicit i factors 

in the expressions for the spherical vector components a+1 = - 
J- i(at + iaa) and 

a-1 = $ $zt - ia*). 
One now separates the dependence on the Euler angles 4’ and +’ by writing the 

rotational matrices in terms of D-functions as done in Eq. (C. 11) , i.e; 

2-t ( w’),I,, =eiGl’ at/*( -#),T,,S, eiS,d’, 

k-1 (w’) a’, = ,iQ+’ 21 ( -6’) *,, A, ei@’ , (D.8) 

where &‘I* = diag(d’/*, d’/*) and d^’ = diag( 1 , 1 , 1, d’ ) with dj the usual d-functions. 
(Note that for a’ we do not distinguish between upper and lower indices.) Using the 
facts that (i) (f)aa is non-zero only if A, + sp = sa and (y)& is non-zero only if 

-Aa + sp = sn, (ii) D irac matrices like $, $, &( +P + p) or products of these are 
diagonal in the helicity indices since the vectors p and p’ point along the z-axis and 
P = 0, and (iii) ?ba is non-zero only if hb = A,, it is easy to check that all phases 
involving the angles I,J~ or 4 cancel in Eq. (D.7). Therefore, Eq. (D.7) reduces to 

1 
X(Po+p~)*-(~*+~~*+2~~‘cos8)-M2 

x{ [+Y2(-B)ybpI +$y,*,d^“*(-e)Yb 

-My;,8’/*(-0)yb - 28”*(-e)d^‘(-8)~~,nb~ 

-2$‘$/*(-ep(-e) l,,lb + 2Mal’*(-e)a’(-e)A,,nb 
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+2P( -B)c? ( -f?)*o,&pc~b + 2ygq -qPd’ (-e>&*J 

XSF (ip +P)}cr,a%(;P -p>. (D.9) 

From the form of the d’12 functions it follows that the Dirac matrix &/2 can be written 
as follows: 

cP/~(~) = cos 16 - iy5yuy2 sin Ie 2 2 . (D.lO) 

Using this relation in Eq. (D.9) the Dirac matrix structure can be made explicit. Finally, 
the integral over 8 can also be performed analytically, and the explicit evaluation of the 
required 10 x 10 matrix elements of the kernel (see the discussion below I$. (4.33) ) 
is straightforward. 
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