1 Solutions of the free Dirac equation

Dirac equation for free particle:

L o2 - L OY(Zt
[(a~ﬁ)c+6(m02)] Y(Z,t) =ik w(at ) (1.1)
where ﬁ = —ihV is the momentum operator. Plane wave solution for free particle with momentum
p:
(T, ) = w(p,s) e EPD/ (1.2)

where E = 4+/(pc)? + (mc2)2, and w(p, s) is a 4-component “Dirac spinor”, which depends on the
spin direction s (see later). Inserting (1.2) into (1.1),

(@- P+ B (me)] w(F.s) = Bu(g.s) (1.3
We express w(p, s) in the form

wips = 2) (1.9

where ¢ and x are 2-component “Pauli spinors”, depending on (p, s). Inserting this into (1.3),

(E—mc*)  —(d-p)c ¢\ _
( —(¢-p)c  (E+mc?) X/ 0 (1.5)
Therefore, the coupled equations for ¢ and x are

(E—=mc®)¢p—(3-Plex = 0 (1.6)
(E4+mc®)x—(3-p)cp = 0 (1.7)

e For E = +,/(pc)? + (mc?)? = E, (positive energy), we use (1.7) to eliminate y:

(@ - p)e

== /" 1.8
X E, +mc? ¢ (1.8)
Then the positive energy spinor (w; ) becomes
B B (s)
wi(p,s) =u(p,s) =Ny | _@pe (1.9)
Ep+mc? <8)

Here N, is a normalization factor (see later).



e For E = —\/(pc)? + (mc2)2 = —E, (negative energy), we use (1.6) to eliminate ¢:

-

Then the negative energy spinor (w_) becomes

__(¢p)c s
w_(p,s) =v(—p,s) =N, < EPJ;("(LEQ)X( ) ) (1.11)

The Dirac equation does not determine the 2-component Pauli spinors ¢ in (1.9) or x in (1.11) !!

Possible choice of Pauli spinors: If the particle has a definite spin direction (up or down) in its
rest frame: Define the z axis as the “spin quantization axis”, and require that u(p = 0,s) and

v(p= 0, s) are eigenvectors of the spin operator (in units of &) S3 = 33, with eigenvalues s = +1/2:

Ssu(p'=0,s) = Su(ﬁ:(),s):>303¢(s):s¢(s):>¢(+1/2):<(1]) , ¢(_1/2):((1))
Ssv(p=0,s) = sv(ﬁ:0,s):>%crgx(s):sx(s):>x(+1/2):<(1)) , X(—1/2)2<(1])
(1.12)

Notes:

e If some other direction 77 is chosen as the spin quantization axis, then one chooses ¢(s) and

X(s) as eigenvectors of (¢ -7) with eigenvalues s = £1/2: 1 (0-7)¢(s) = sd(s), and

5 (0 -7) x(s) = s x(s).

e Important point: Hamiltonian H and spin operators S = %i do not commute: [H,Y;] # 0

(1 =1,2,3). = In general, the spinors u, v are eigenvectors of H, but cannot be also eigenvectors

Of 53.

e Normalization of spinors: We choose the orthonormalization as

Ly Ly

ul (P, 8" u(p, s) = Oss’ » vl (7, s (P, s) = Sssr, 0 (=P, s u(p, s) = ul (7, s )v(—p,s) =0

mc? mc?

'Reason: (1) Dirac eq. is a homogeneous matrix equation; (2) the spin direction is still no specified in (1.9) and
(1.11).



This determines the normalization factor N,. Using ¢'(s')¢(s) = d.s we get

N2 (s (1+—ﬁ2 ¢ )¢(s) _ By

(E, +mc?)? mc?
= 2
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= N’ I | = —5
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E, — mc? E
>N (1+2L2—) = 2
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This gives

E, + mc?
N, = V" ome (1.14)

Finally, the wave functions (1.2) are normalized (in a volume V') as

/Vd% OHE DY(Z,t) = 1 (1.15)

Final results for solutions of the Dirac equation (1.1):

e Positive energy solution:
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u(p,s) = \/% ( ;%;2(8) (S)> (1.16)

This is the wave function of a particle with energy £, > 0, momentum p, and spin projection
s = £1/2 in its rest frame.
e Negative energy solution:

1 mc?
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o(F,s) = ) 2T Byme 1.17
(s) = /L ( i (1.17)

This is the wave function of a particle with energy —FE, < 0, momentum p, and spin projection

<_ﬁ, S)Qi(Ethrﬁ-f)/h

s = +1/2 in its rest frame.

These wave functions satisfy the orthonormalization conditions (with o, o’ =+ or —)

[/ d*z lpz(;{s/,ﬁ(f, 75)1/11(;3) (f, t) = daralys (118)



2 Dirac y-matrices

Instead of (8, d), one can also use

1 0 0 &
0_— S = — (A0 = — (0
vzﬁz(o _1), 7=Ba=<_50), =07 w=0"%-7)
Then the Dirac equation (1.1) can be expressed as (remember: z° = ct)
imoi—fvﬁ—mc Y(Z,t) =0 (2.19)
0 ’
where ﬁ = —ihV is the momentum operator.
Now define the operator p,, in terms of the contravariant derivative (see No. 1) as
0 = 0 -
i =ihot' =ih | =—,-V | = |ih=—, P 2.20
Then (2.19) becomes
(P yu — me) Y(x) =0 (2.21)

Finally, we define the “slash notation”: For any 4-vector V*, the 4 x 4 matrix } is defined by
V=7 V=7V - 3.V (2.22)
Then we can express (2.21) as
(B —me)(xz) =0 (2.23)

The previous relations for the matrices (3, @) become
0) 2 i\ 2 .
() =1, () =-1, (i=1,2,3fx)
{2 = 29" (2.24)

where {A, B} = AB + BA is the anticommutator. Instead of v, it is convenient to use v, which is
defined by

b=y
Then the probability density p = ¥ and the current j: cvTar) can be combined into a 4-vector

2
)

g =yt = (ww)

(current conservation : 9,j* = 0) (2.25)



