6 S-matrix for scattering of electron in external field

Remember the following formula for the time evolution of an electron wave function (positive energy)

in an external electromagnetic field A* (see Sect. 14 of spring semester, Eqs.(14.5) and (14.6)):
i/de' Sp(x —2)° U, (') = 0t —t)V,(2) (6.1)
i/d3x U, (2)7° Sp(x —2') = 0(t —t) W, () (6.2)

Here S is the exact Feynman propagator of the electron in an external field, and W(z) is the exact
wave function of the electron.
Consider the process of electron scattering by an external electromagnetic field, which may be created

by another particle (for example, a nucleus):

—

Here the lines with arrows represent the electron, and the shaded area represents the space-time

region of the interaction between the electron and the electromagnetic field. Suppose we have an
exact wave function for the electron (¥;(z)), which satisfies the following initial condition for time

t — —oc:
U(z) 25 gy (a) (6.3)

Here v;(z) is a free (positive energy) solution of the Dirac equation. Take the limit ¥ — —oo on

both sides of Eq.(6.1) for n = i:

Ui(x) =i lim [ &% Sp(x — ")y (2)

t'——o0

Insert here the Dyson equation Sp = Spo + Sr(eA) Spo (see Sect. 14 of spring semester, Eq.(14.13)):

U;(x) =4 lim A3z’ [Spo(x -2+ /d4y Se(z —y)(eA(y)) Spo(y — 2') | 7 1bi(2)) (6.4)

t'——o0
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On the other hand, Eq.(6.1) for # — —oo and A* = 0 (free electron) becomes

i lim [ d*2’ Spo(z — o) Y0 ¥i(a) = ()

t'——o0

Using this in Eq.(6.4) we get

,(2) = i) + / d'y Sp(z — ) (cA(y)) bily) (6.5)

At time t — +oo0, place a detector which can filter out any free state ¢¢(z) from the exact wave
function (6.5). The probability amplitude to detect a particular state 1¢(x), which is contained in

the wave function (6.5), is given by

Sy = lim /d?’x 1/}}@) U;(x) (6.6)
t—o0
For all possible states (f,4) this is a matrix, which is called the S-matrix. Inserting here the formula

(6.5) we obtain

t—o00

Sp = Jim [ @l [+ [ a'ySele ) (eA) i)
= Gt Jim [ @ [ @ty i) Sete - ) AW) by (6.7)

where we used the orthogonality of the free electron wave functions. Insert here the Dyson equation

in the form (see Sect. 14 of spring semester, Eq.(14.10))

Sp(x —y) = Sro(z —y) + /d4z Sro(z — 2) (eA(2)) Sp(z — )

and use Eq.(6.2) for ¢ — oo and A* = 0 (free electron):

lim [ d3z zﬁ}(w) Spo(r —y) = —Zﬂf(y)

t—o00

Then, from (6.7), we obtain the following convenient form of the S-matrix:

Spi =0y —i/d“y@f(y)(e/‘l(y))wi(y) —i/d4y /dA‘Z@f(Z) (eA(2)) Sr(z — y) (eA(y))¥i(y)
(6.8)

Note that in (6.8) all wave functions are free wave functions, but Sg(z — y) is the exact Feynman

propagator, which can be expanded in perturbation theory according to the Dyson equation Sp =

SF() + SFO<€A)SF0 —+ ...,



Because the Feynman propagator Sg(z — z) has two time orderings (see Sect. 13 of spring semester),
the interaction terms in Eq.(6.8) can be graphically expressed as follows (up to second order pertur-

bation theory):

—T———Z

Here time is running from bottom to top, and the dashed lines represent the (instantaneous) inter-

actions of the electron with the external field (for example, the Coulomb potential of a nucleus).

Example: Scattering by a Coulomb potential (produced by a heavy nucleus).

m 1 ; 0_ 5.
Pi(x) = — ——u(p, s )
@ = \[E T
m 1 1 O_ = .~
Vy(n) = — u(ff, s') e~ (B 79)
f Ey \JV
4 0 e o
At(y) = A= " A=0 (6.9)

Then the S-matrix (6.8), for f # i, to order e? becomes:

e 1 m2 diy | 0 i
Sy =il—— (5. A (n /_ (B —Ep)y’ ,—i(p'—p)-F
5=\ g, B, T uB) [ e ‘

Use here the relations

“+oc0
/ dyo ei(EpleP)yo = (271') (5<Ep/ - Ep) (610)
By 47
—e = = (=p —p
|91 7 ( )
Then we obtain
iZe? m u(p, s') 7" u(p, s)
Spi = v Ep 7 (2m) 6(Ey — Ep) (6.11)



The probability for electron scattering i = (p,s) — f = (7, ¢) is then given by |Sy;|?. However,
in a finite volume V', a state with sharp value of p’ cannot be observed (because of the uncertainty

relation). To calculate the probability for electron scattering, we need the number of final states in

the volume V and in the momentum interval d®p’. This number is called the phase space factor.

Consider first only 1 space dimension:
In classical physics, each point of the phase space (z,p) corresponds to one state. In quantum
mechanics, because of the uncertainty principle dodp > h = 27h, each cell of size h corresponds to

one state:

P cell dx+dp = h
corresponds to 1 state
with spin up (or down)

In 3 space dimensions:
The number of states, with spin up or spin down, in the volume V and in the momentum interval

d3p’, is equal to the number of cells in the phase space volume (V - d3p’), and is given by

Vv a3y
Therefore, the probability for scattering into any of these é:;f; states is given by
, Va3
|5l 2h) (6.13)



Definition of differential cross section:

number of particles scattered (per unit time) into d®p’

e = - - - -
number of incoming particles (per, time, per area)
= N (158 S 5 ) (6.14)
in fi ( Tﬁ) Jin .

Here

e AT is the observation time ~ time it takes the electron to go from the accelerator to the

detector. For a distance L ~ 1 m, we have AT > 1078 s
e N, is the number is incoming particles per unit time ;

° j’in is the incoming flux of particles:

S — . ml1l
Jin = (Z/JZ(JI) 71/11(1’)) - Ny, = oA (@(p, s)yu(p; s)) - Nin
p
]7 _,Nin
= = =
E, V V
where v is the velocity of the incoming electrons.
Then we get the differential cross section as follows:
Va3 1
o = —[Su[*-
v (2 h) AT
d’p 1 2 (m\’ [u(@, 8" (i, ) 2
= ———— (2% | = ’ : 2n6(E,y — E 6.15
orar (2 (7) 2P i~ B (615)

What is the meaning of the square of the delta function?

If the observation time is AT ~ 107% s, then the integration over time (see Eq.(1.10)) should be

replaced by [~ +AATT/22 dy®, and therefore

2
2m6(E, — E.))? — e (B —Ep)t
( ™ ( p p)) dt e"

_AT/2
9 E ’—

4sm E” —2_PAT _ (20AT) sin? %AT
p— ’7"' _—
(By — Ep)2 W—(Af)Q AT

(6.16)

Here AE = E, — E,. Consider now the following expression as a function of AE:

sin? %AT B AT [ sin —AT
T BIEAT 2w %AT

bt



4/t
el

1
2n/t

(In the figure, t = AT, and Q2 = AE.) Because AT ~ 1078 s is a “macroscopic time”, we have *
2mh
AT
2mh
AT

~ 2 x 107 eV, which is very small compared to a typical resolution energy of ~ 1 eV. Therefore,
is practically zero, which means that the macroscopic time AT can be replaced by AT — oc.
Then we can use the relation

sin2 %AT AT—
i Rl U o 1IN
GEF A7 (AE)

Therefore, finally, we get for (6.16),
(2r8(E, — E,))? “I=° (27AT) §(Ey — E,) (6.17)
Note: A shorthand “derivation” of this result is simply as follows:

(27T5<Ep’ - Ep))2 = (2775(Ep’ - Ep)) (275(Ep’ - Ep))
= (2né(Ey — E,)) (276(0)) = 2né6(Ey — E,)) AT

Physically, it means that if we observe the particle for a macroscopic time AT, there is no uncertainty
of the energy. (Note that the static Coulomb potential cannot transfer energy, so we must get energy
conservation: E, = Ey.)

Using the result (6.17) in the differential cross section (6.15), and d%p’ = p2dp’ dQY with p = p’ from
the energy conserving delta function, we get (with o = e?/(4m) ~ 1/137)

Bo 422 (m\? (7, )7 u(p. )|
= <_) 5(Ep’_Ep)

dpdy v E, 7

INote that A~ 10715 ¢V - s.



We can integrate this over p', using 0(Ey — E,) = %é(p’ — p) to get the usual “differential cross

section”:

do d?c 47%a*m? _ .
dQ/ = dQ/ - q—4 |u(ﬁ78,)70u(p7s>|2 (6]‘8)

Here the momentum transfer is given in terms of the scattering angle 6 by
5 » 2 2 2 . 2t
¢ = —p) =2p° (1 —cosf) = 4p” sin 5 (6.19)

In the nonrelativistic limit we have w(p', s")y%u(p, s) ~ 1, and Eq.(6.18) becomes the Rutherford cross

section.

Relativistic effects from electron spin, Mott cross section:

Here we calculate the “unpolarized cross section”:

e The initial electrons have equal probability for spin up (s = 1/2) and spin down (s = —1/2)

15
= average 5 » .;

e Both spin directions of the final electron are observed, i.e., the detector does not differentiate
between the spin directions

= sum ).

Then the unpolarized differential cross section becomes

de  27%a*m? B ~
IO > @, )y u(p, ) (6.20)

ss’
We now use the following identity for the square of spinor matrix elements: If I' is a Dirac y-matrix,

then

N

a(f)Tu@)* = (
= (

(N)Tu(@) (u' (NI w (@) = @) T ul@) (w'(@) T u(f))
(F)Tu(@)) (@@ (+°T'°) u(f))

gl

If we define T' = ~°T'7°, and indicate the Dirac indices o, 8, o, ' explicitly, we obtain

ZW(J")FU(@')F = Zﬂa(ﬁa5/)Faﬁuﬁ(ﬁ,S)ﬂa'(ﬁ,S)FawUﬁ/(ﬁ,S/)

ss’

= Tr (A+(Z7) FA+(ﬁ)F)



where Tr means the trace over the Dirac indices, and the positive energy projection operator is given
by (see Sect. 9 of spring semester, Eqs.(9.1) and (9.5))

p+rm
2m

Ay(p) = (here ff = Ey* — - 7)

In our case (Eq.(6.20)) we have I' = T' = 4, and the unpolarized differential cross section becomes

do B AT
o 2

Tr [(f + m)~° #+m)9"] (6.21)

There are many theorems about traces of products of y-matrices I' = (7°,~*). Here we just need the

following two theorems:
e The trace of a product of an odd number of I' - matrices is zero:
Tr(ly...T,) =0 if n=o0dd (6.22)

Proof: Using the matrix 75 = 7%y'v?*y3, which satisfies 72 = 1 and {v5,T'} = 0, and the
property of the trace Tr(AB) = Tr(BA), we have for n=odd

Tr(Ty...T,) = Tr(Ty...Thysys)
e For the product of two and four y-matrices we have the following formulas:

Ty (7;;,}/11) — 4ng (623)
Tr (V") = 4(¢"9" = ¢*9" +9"7g") (6.24)

Proof of (6.23): Using Tr(AB) = Tr(BA) and the anticommutation relations of y-matrices, we

have
1
Ir (vv") = §Ir{v“,v”} =g"Trl=4g"

Eq.(6.24) can be derived by using similar methods.
Note that the formula (6.23) gives the following result for any 4-vectors a, b:

Tr () = a,b,Tr (v#~") = 4a,b, " =4a - b
In the same way, the formula (6.24) gives the following result for any 4-vectors a, b, ¢, d:
Tr (d)¢d) =4(a-bc-d—a-cb-d+a-db-c)
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Now we can continue with the calculation of the unpolarized cross section (6.21): The trace factor

becomes
Tr[(f + m)?° B+m)y°] = Tr(m® +p~°°)
4 (m® 4+ 2B, By —p-p) (6.25)

Using now (with £ = E, = E,/)

0
p.p’:E2—ﬁQCOSHZm2+ﬁQ(1—C059):m2+2]525in2§

we finally get for the trace factor (6.25)
/ 0 0 2 o . o0
Tr [ +m)y° B+m)y"] =8E* (1 -0 sin” 5

Inserting this into the cross section (6.21), and using also the relation (6.19), we finally obtain

do Z2%a? 0

— = (1 —0%sin®= 6.26

dQ ~ 4p202sin ¢ ( v 2) (6.26)
Here we denote the magnitude squared of 3-vectors by p? = p? and v? = 92, In our natural units,

a = e?/(4r) ~ 1/137 is the “fine structure constant”.

The formula (6.26) is called the Mott cross section, and describes elastic scattering of electrons

on a Coulomb potential (for example, produced by a heavy spinless nucleus).



